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In this paper, we present a new numerical method for the solution of linear two-point boundary
value problems of ordinary differential equations. After reducing the differential equation to a
second kind integral equation, we discretize the latter via a high order Nystrom scheme. A somewhat
involved analytical apparatus is then constructed which allows for the solution of the discrete system
using O(N - p?) operations, where N is the number of nodes on the interval and p is the desired
order of convergence. Thus, the advantages of the integral equation formulation (small condition
number, insensitivity to boundary layers, insensitivity to end-point singularities, etc.) are retained,
while achieving a computational efficiency previously available only to finite difference or finite
element methods.
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I. Introduction

Second kind integral equations have been a popular analytical tool in the study of ordinary
differential equations for nearly a century. When boundary value problems are being considered.
the integral equations which arise are of the Fredholm type. From an abstract viewpoint, the
advantage of this formulation is that many properties of the solution are readily apparent. From
a computational viewpeint, the advantage of this formulation is that the linear systems which
arise from discretization are generally well-conditioned. An ill-behaved differential equation.
such as a high order Bessel equation, can often be reduced to a perfectly tractable integral
equation by means of an appropriate choice of the “background” Green’s function (see Example
2in Section 5 below). Standard finite difference and finite element methods, on the other hand,
which discretize the original differential equation, encounter serious numerical difficulties when
the solution possesses derivatives of large magnitude (boundary layers). A second advantage is
that there exist extremely stable, high order numerical methods for the solution of second kind
Fredholm equations, while the order of convergence of most practical schemes for the solution
of ordinary differential equations tends to be limited, even if Richardson extrapolation and
deferred correction approaches are considered.

Despite all these advantages, integral equations are virtually never used as a numerical tool
for the solution of two-point boundary value problems, since their discretization leads to dense
systems of linear algebraic equations, and the solution of a dense linear system of dimension N
requires order O(N3) arithmetic operations. Finite difference and finite element schemes lead
to banded systems of linear algebraic equations, and the solution of the latter requires order
O(N) arithmetic operations, where N is the dimension of the problem. This makes the use of
integral equations extremely unattractive as a numerical tool, despite their superior analytical
properties. A similar difficulty is encountered when spectral methods are applied “o boundary
value problems. They yield high order accuracy, but result in dense systems of linear algebraic
equations.

In [9], it is observed that while the integral operators of one-dimensional potential theorv
are dense, they can be applied to arbitrary functions in a “fast” manner (for a cost proportional
to the number of nodes N). This observation is then used to construct iterative schemes for
the numerical solution of second kind Fredholm equations resulting from two-point boundary
value problems, with an asymptotic CPU time estimate proportional to N. Unfortunately, the
number of iterations required by the resulting procedure depends on the problem being solved
(the usual drawback of iterative schemes), leading in many cases to excessive computation
times. A different approach, using Chebyshev polynomials is described in [8]. A method is
constructed which solves the corresponding integral equation directly. It requires an amount
of work of the order O(N log N), but applies only when the differential operator has constant
coeffficients, .

In this paper, we extend the results of [9] and [8] by showing that not only the integral
operators of one-dimensional potential theory but also their inverses can be applied numerically
to arbitrary functions for a cost proportional to N. This observation is used, in conjunction
with a pth order Nystrom scheme, to construct a fast algorithm for the solution of the original
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differential equation. While the asymptotic CPU time estimate is proportional to p? N, the
algorithm retains the flexibility and stability expected from second kind Fredholm equations.

The plan of this paper is as follows: in Section 2 we summarize the relevant properties of
Green's functions for second order differential equations, in Section 3 we develop the analytical
apparatus to be used, and in Section 4 we describe the numerical scheme itself. The performance
of the method is illustrated in Section 5 with practical examples. Our conclusions and several
generalizations are discussed in Section 6. Finally, in Appendix A, we describe the relevant
portions of the theory of Chebyshev approximation and quadrature.

The algorithm of this paper is based on a set of simple observations, but involves a large
amount of notation and a modest amount of algebraic manipulation. For the sake of clarity,
we will attempt to use two levels of description throughout, one cursory and qualitative and
the other detailed and rigorous.

1I. Mathematical and Numerical Preliminaries

In this section we summarize several classical results.
2.1. Green’s functions for second order ordinary differential equations.

We consider the problem of determining a function ¢ in C?a,c] which satisfies a second
order differential equation

¢"(z) + p(z) - ¢'(7) + g(z) - ¢l2) = f(2) (1)

on the interval {a,c] C R, where p,q: (a,c) — R are continuous functions, subject to boundary
conditions of the form

¢ -o(a) + G2-¢'(a) = «, (2)
Ca1-¢(c) + (2-d(c)=¢€. (3)

As is well-known, the original equation (1) with inhomogeneo' - h~rundary conditions of the
form (2), (3) can be reduced to one with homogenous boundary ‘ond;tions

(11 ola)+ Gi2-¢'(a) = 0, (4)
C21 - () + (a2-@'(c) =0, (5)

by the addition of an appropriate linear function to the unknown function ¢. We will. therefore.
assume that the problem to be solved has been provided in the form (1). (4), (5).
Let us now consider the equation

#"(z) + po(z) - #'(7) + go(z) - &(2) = 0 (6)

with the functions pg,qo € C!(a,c), and denote by G the Green’s function for equation (G)
with the boundary conditior; (4) and (5). The standard procedure for converting a two-point




boundary value problem into a second kind integral equation then consists in representing the
solution ¢ of the problem (1), (4), (5) by the formula

é(z) = /:G’o(r,t)-o(l) dt (7)

with o : [0,1] = R a new unknown function to be determined. Substituting (7) into (1), we
obtain the desired integral equation

o(z) + [p(z)- pol2)]- /:cl(x,t)o(z)dz

+ @) - w@) [ Gz o dt= f(2) ®)
[+
where the function G, : [a,c] X [a,c] — R is defined by the formula
d
Gl(:l',t) = E—Go(.’r,t) (9)
I

for all (z,1) € [a,c] x [a,¢c].

Of course, if po(z) = p(z) and go(z) = g(z), then the solution to equation (8) is trivially
o = f. Our working assumption is that for some functions pqg.go, the the Green’s function is
known or computable, but that for the original differential equation the Green’s function is
unavailable. Fortunately, there is a well known mechanism for constructing Green’s functions
from known independent solutions of a differential equation. This construction, described in
the following theorem, is the principal analytical tool of the paper. For a proof, see [3].

Theorem 2.1 Suppose that u;,u, : [a,¢] = R are two linearly independent solutions of the
equation (6), such that v satisfies the boundary condition (4) and u, satisfies the condition
(5). Suppose further that the functions u}, u., v, v, : [a,c] = R are defined by the formulae

dt) = S,
w() = )
_ u(t)
w(t) = ul (1) - wi(t) = ui(t) - u(t)’ (10)
u(t) = % (1)

w (D) - wt) — uf(t) - ur (1)’

Then the Green’s function and its derivative for equation (1) with the boundary conditions (4)
and (5) are given by

Go(z,8) = wi(z)-u(t) fort<z,
Go(z,t) = wu.(z)-v.(t) forz <, (11)
3




Gi(z,t) = wui(z) -w(t) fort<r,

Gi(z,t) = up(z)-v(t) forz <t (12)
2.2. A Lemma from Linear Algebra.
The following lemma provides analytical inverses for rank one perturbations of the identity

matrix. It is a particular case of the Sherman-Morrison formula (see, for example, [6]) and is
easy to verifv directly.

Lemma 2.1 For any two vectors U,V € L? such that (U,V) # 1,

1

-UoVTy1 -_
J-UoV?") I+1—(U,V)

UoVT, (13)

II1. The Analytical Apparatus

In the remainder of this paper, we assume that the solution to the differential equation
(1) is being sought on the interval [a,c] and that b is some intermediate point (@ < b < c¢).
The fundamental observation on which the fast algorithm is based is that the solution to the
integral equation (8) on the entire domain {a, ¢] can easily be constructed from the solution of
two independent integral equations, one defined on [a, b] and one on [b, ¢]. This leads naturally
to a recursive algorithm, in which independent solutions on a large number of subintervals are
successively merged until the full solution is obtained. A precise formulation of the construction
and the resulting numerical scheme will require some notation.

3.1. Notation.
We will denote the subintervals [a,b] and [b,¢] of [a,c] by A and B, respectively. For
convenience, we write the integral equation (8) in the form

o) +3(2)- [ Gula et i+ 3@)- [ Gola, Dott)di = f(a)

where p(z) = p(z) — po(z) and §(z) = ¢(z) — go(z). The functions Gy, G : [a,¢] X [a,¢] = R
are the Green's function and its derivative defined by formulae (11) and (12).
We define the operator P : L?[a,c] — L?*[a,c] by

(~ c
P(o)(z) = o(a) + () [ Gr(a,t) o) dt+(2)- [ Golz,0)-0(0)dt, (1)
so that equation (8) assumes the form
Po=f. (15)
We will require the four operators
Pss : L%a,b)— L%a,b],
Pag : L%b,c]— L%a,b],
Pgs : L%a,b)— L?b,c],
Pgp : L%b,c]— L?b,c]




defined by
Pag(o)z) = o(z)+ pla /G (z,1)-o(t)dt + ¢(z)- / Go(z,t)-o(t)d
Pap(o)(z) = f)(:r)~/ G ;r,t)-o(t)dt+q(:r)-/ Go(z,1) - o(t) dt

Ppalo)z) = plz) /G z,1)- o(t)dt + §(z) - /Go(r 1)- o(t)dt |
Paplo)z) = o(z)+ p(z) /G1 2.1) - o(t)dt + §(z /Goxt L o(t) dt
We will also require the functions vy and 3, defined by
i) = p(z) - w(z) + §(z) - w(z)
¥e(z) = plz) - ur(z) + §(z) - ur(2)

(16)

(20)

(21)

Given a function f € L?{a.c], we will follow the convention of denoting its restriction to A and
B by f|4 and fig respectively. Assuming that the operators P, P44, Ppp are non-singular, we

then define the mappings

* XI‘XT : [Q,C]—’R,
¢1A?¢TA : A—’R,
¢135¢r3 : B-oR

via the formulae

xi = P (¥p),
XT' = P_l(‘wr)s

b, = Pri(du,),
$ra = Pri(vr,),
¢y = Pgp(¥ns),
brp = Pg}a(wf|a)' :

Finally, we will define three 2 x 2 matrices a4, a® and o by the formulae

A
all = (vllAid)lA) [} 01A2 = (le,‘;brA) L)
agl = (ver¢lA) ) OI242 = (UrlAv¢rA) 3
O?I = (vl‘59¢lg) ’ O']B2 = (vl|ga¢r3) ’
Q’g = (v1'|5$ ¢13) L] 0'282 = (vr|5a¢r3) L]
5
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(23)

(26)




oy = (voxl) ayz = (v, xr s
ay = (ve,xt) a2 = (Vr, Xr) (27)

and the coefficients é;.é. by

6 = (w,0),
6, = (v,,0), (28)

where o is the solution to equation (15).

3.2. Analysis of the operators Psp, Pga.
In this subsection, we observe that each of the operators P4 and Ppy is of rank one and
give simple expressions for these operators as outer products.

Lemma 3.1 In the notation of the preceding subsection,
'wrM rIBﬂ (29)
Pga=1tigo0 v,TM. (30)

Proof. Combining expressions (11), (12) and (17), and observing that z < 1 for any
z € {a,b], t € [b,c], we have for any o € L?[b,¢],

Pap(o)z) = ﬁ(r)-/cGl(z,t)-o(t)dt+q(x)-/;cGo(z,t)-a(t) dt
) [ () o0 o(t) de+ i) - [ @) wel) o0 d
= (p(I) u,(z:)+d(x)-u,(z))-(v,l8,a). (31)

The result (29) now follows from the definition of 1. in equation (21).
Similarly, combining expressions (11), (12) and (18), we observe that for any o € L?[b, c)
and z € [b,c],

Poa(o)(z) = #(z)- / Gylz,1)-o(t) dt + §(= / Golz,1)- 0
= plz): / u(z)-v(t)-ot) dt + g(z)- / wi(z) - v(t) - o(t) dt
= (Bz)- ui(z) + §(z) - uz(z))-(vzwa)- (32)
The result (30) follows from the definition of 41 in equation (20). O
6




3.3. Recursive solution of the integral equation (15)
We now consider the original integral equation (15)

Po=f
and two auxilliary equations
Paa{na) = fia (33)
Prp(n) = fi8 - (34)

The main result of this subsection is the following lemma, which constructs the solution ¢
of equation (15) from the solutions 74, ng of equations (33) and (34).

Lemma 3.2 If. in the notation of Subsection 3.1, all three operators P, Pss.Pgp are non-
singular, then

B
[0 4 =

ol =14 - (6 ~ = (8 —afy - 67)) - 1. (35)
- _5A‘9ﬁ.65_3,6,4 i 36
UIB =B ( { A ( r Ga) { )) d)lga ( )

where the real numbers 6;4. 6,5, 84, 6,5, A are given by

6 = (o074,
615 = (UI,B-WB)~
67A = (UrMaﬂA)» (37)
6TB = (vTIanB)’
A=1-a5 -of,. (38)

Proof. Using definitions (14) - (19), the integral equation

Po=f
can be rewritten in the form
Psa(oy4) + Pap(oig) = fias (39)
Pgal(o4) + Pee(oiB) = fi5- (40)

The outer product expansions (29) and (30) for P4p and Pgg4. respectively, can then be used
to obtain an explicit solution to the coupled equations (39) and (40) in terms of the functions
N4> 1B, D1, Dryy D15 and ¢,,. Indeed, applying the operator P;}q to equation (39) and the
operator Pgj, to equation (40), we have

914+ P34 o Pag(og) = PiA(fia), (41)

7




P5L o Paa(c)a) + oip = Pah(/is). (42)
Substituting the outer product expansions (29) and (30) into (41) and (42) yields

o4+ Py °L’"rM°vrTIB°U|B = N4 (43)
P§}3°d"m°”lﬁ°al-4+‘7l5: N8, (41)

or
T 4
Oia + @r, 00, 0018 = N4, (45)
051501.111{"00'.,44-0,5:773, (46)

where we have used the definitions (24) for ¢,, and ¢;,. Now, multiplying (46) by ¢,, o l'fTu:
and subtracting it from (45), we obtain

(I-¢-,0 v;ﬁg o ¢igp 0 vaM) T4a=N4—Pr, 0 v,Tlg ° 7B. (47)
Similarly, multiplying (45) by ¢ o v,TA and subtracting it from (46), we get
U-(blaovlTMotbuovzzs)alenB—dﬂaov,TMonA. (4%)

Due to (25) and (26), we can rewrite these equations in the form

(I—ag'¢"‘A°v17i‘A)U|A=77A_¢1’onr7l'8°1737 (49)
(I—0f2'¢zg°vrTM)U|B=nB—¢IE°v1TM017A- (50)

By application of Lemma 2.1, we obtain

B
az1

alAz(I-{-—Z-.¢Mova;)(n,;—qbuov?mong), (51)
o —(I+gﬁ-¢ ovl ) (nB - diz0vf, 0ona) (52)
|B = A g "B 1B i 114 naj.
The results (35) and (36) now follow from simple algebraic manipulation using equations (25).
(26) and (37). O

Remark 3.1. Suppose that b, and b; are a pair of real numbers such that a < b; < b; <
¢, and that the interval [b;,b,] is denoted by C. We will denote by Pcc the restriction of
the operator P to the interval C. Assuming that Pcc is invertible, we define the functions
n01¢lcv¢rc :C—-R by

nc = Peilfic) (53)

$c = Foildne), (54)

brc = Poi(¥re) - (55)
8




By applying the above lemma twice (once for the subinterval [a,b;] and once for [a,b3]), we
may easily observe that there exist two real numbers Aj, A; such that

o(z) =nc(z)+ A1 di(z) + Az - o (7) (56)

for all # € C. The exact expressions for the coefficients A;, A, are complicated, but irrelevant
for the purposes of this paper. The existence of a relation of the form (56). however, will be
critically important in Section 4.

3.4. Further Analytical Results

We now collect a number of identities which are necessary for the algorithm to be presented
in Section 4. First, we apply Lemma 3.2 to the particular cases f = ¢y, f = ¢, to obtain
analytica! expressions for the functions x; and x, defined in equations (22) and (23).

Corollary 3.1 If. in the notation of Subsection 3.1, all three operators P, P44, Peg are non-
stngular, then

(1~ alAl)'Q2Bl

Xia = Gig— A CPran (57)
Xtg = (1- O_{‘L_-QA_&—‘O:Z)'¢IB =1—_A3ﬁ'¢18. (5%)
xrw = (1= af) - ‘;fz-a%)_ gA = L’Z‘fé “Pr s (59)
Xrp = rg— (—1:—()%#%42 “dig (60)

where the coefficients aé and ag are given by equations (25) and (26).

We will also require analytical expressions for the inner products §; and é, defined in (28)
in terms of the restricted inner products §f,6P,64 and 68 defined in (37).

Corollary 3.2 If, in the notation of Subsection 3.1, all three operators P, P44, Pgp are non-
singular, then

& = (vl.o)=(Ul|AsU|A)+(v1|B’UIB)
B B _1). af
_ 1 Ao,l -af+6F+(—aﬂ—§)—a’—2'5f~ (61)
b = (v7,0) = (vr4,014) + (Vr5,018)
1 — ot A _1).oB
_ A°22.6£9+5TA+£“£_31)_3&.6;“_ (62)




Proof. Multiplying equation (35) by t;, and v, ,. and equation (36) by vp and 1, 5. we
obtain

1 4 ofy B
(”llA-”|.4)=Z'5z _X'ér . (63)

aB aB . a4
(L‘I,B-UIB):5F——AI—1'5f‘+—l‘lz‘—]‘2'5r8q (61)

ah ol . oB )
(vrlAvUIA)zﬁ}A‘-AQ'6P+-22A—‘2‘1‘5i4» {65)
1 b

(vf|gv0|8)=Z'6§—“A2—]'61A~ (66)
Adding up the first pair of equations (63) and (64), we obtain the result (61). Adding up
the second pair of equations (65) and (66), we obtain (62). Q

A special case of Corollary 3.2 is obtained when f = ¢ or f = .. The proof follows easily
from the definitions of x; and x, in (22) and (23).

Corollary 3.3 If. in the nowation of Subsection 8.1, all three operators P, P44, Pgp arc non-
stngular, then

B
_(1—0{%)'(0?1—0?2'021) B

ayn = (v, xy) = A + a7y, (67)
oy = (v, 1) = ag"(l_aéz)'(l—aﬁ)+a§‘1- (6%)
aiz = (v, xr) = aﬁ'(l_a%)‘(l_aﬁ)+aﬁ, (69)
g2 = (v, %) = (1-afy)- (0’52 —afh - B +ad,. (70)

Finally, combining Lemma 3.2 with the expressions (57)-(60), we have

Corollary 3.4 Suppose that in the notation of Subsection 3.1, all three operators P, P44. PpB
are non-singular. Suppose further that the function F :{a,c] — R is defined by the formula

F(z)= Ay - xi(z)+ A2 - xo(2) + A3 - 0(2). (71)
Then on the interval [a,b),
F(z)=py-é1,(z) + p2- &, (2) 4 p3 - na(z). (72)
with the coefficients py, py, p3 defined by the formilae
o= Ar,
1-af) af 1-ab,
Hy = __( lAl) 21'/\1+ A?. /\2
o A A ¢<B B -
+ (—A_'(él—al2'6r)—'6r)"\33 (73)
B3 = Aa.
10




Similarly. on the interval [b, c],

F(I)'—‘V]-¢18(2‘)+V2-d),.B(I)+V3-T]B(I), (74)

with the coefficients vy, va, v3 defined by the formulae

wo- Uzab), Oceh)et
o
+ (287 - af -6 - &) - s,
v, = Ag, (75)
v = Aj.

IV. Description of the Algorithm

We turn now to the construction of the fast algorithm for the solution of the integral
equation (15)
Po=f,

based on the apparatus developed in Section I1I. The main tool at our disposal is the ability
to merge the solutions of restricted versions of the integral equation in adjacent subintervals
(Lemma 3.2). As this suggests a recursive procedure, we begin by subdividing the whole
interval [a, c], on which the solution to (15) is sought, into a large number of subintervals. For
the sake of simplicity, we assume that m is a positive integer and that M = 2™ is the number
of subintervals created. The boundary points of the subintervals are then given by a strictly
increasing sequence of numbers

b1 bz, ..., bar, bars (76)

with b; = a and bp4; = ¢. We define
B = [b;,bi41] fori=1,....M (77)

and create a hierarchy of intervals Bf by recursively merging adjacent pairs. That is, for
k=m-1,...,1.0, we define

Bf = Bi\ | B5H fori=1,...,2%. (78)

We will refer to ea-* : :~d k as a level. We will also refer to the two fine intervals BS}, and
B! as children a1« .o the larger interval B as a parent.
It is obvious that

Bak = [bl+(i—1)-2"‘-" 11 4igm-s) (79)
and that for each level k,
21:
[a.c]= | BF . (80)
1=1

11




4.1. Notation.
Generalizing the notation of Section IIl, we will denote by P, ; the restriction to the interval
BF of the integral operator P, so that

b1+-2m—k
Ple)(z) = o(a)+pla)- [ Gi(z,t)- a(t) dt

14(1=1) 2m—k

b; 2m=~k
+ q(r)-/ T Golz,t) - o(t) dt (81)

14(1=1)2m~k

for any o € L?(B¥). For each Bf we will define the functions Miks D1, xs Br, Bf — R as the
solutions of the equations

Pik(nis)) = fipss (82)
Pixl(o1, ) = 1 s (83)
Pix(¢r,,) = Yr gk (8&4)

provided that the operator P, is non-singular.

Remark 4.1. Suppose now that the operator P; 4 is non-singular on the interval Bf¥. Then.

by equation (56), there exist two numbers /\;‘k, «\;'k € R such that

o(z) = malz) + AV* <oy, . (2) + APF @, W (T) (83)
for all z € BE.
For each k = 0,1,...,m,and i = 1,2,...,2*% we define a 2 x 2 matrix a**, by
off = (i)
ayf = (r g @1,);
a7 = (v ), (86)
oy = (trpidr);
and the vector &* = (6%, §:%) by
&% = (vlwr-,m.k)’
8% = (g mk) (87)

4.1. Discretization of the Restricted Integral Equations.

Choosing an integer p > 1, we construct the p scaled Chebyshev nodes

= ('LL{L’)COS[(&QLI_)”] + (E_H_+_”) 5=1,2,...,p (82)
P 2

12




on each of the intervals B, 1 = 1,2,.... M. We then discretize the three integral equations
(82). (83) and (84) via a Nystrom algorithm based on p-point Chebyshev quadrature (sec
Appendix A)}. The resulting approximations to the functions n; &, D, 4 ér,, at the nodes T'J
will be denoted by

ik = (B Bk aP4)
le.,k = (&}n,k’é?\,k""’¢ﬂ,k) ’
¢T.'k = (¢1,,k'¢3,_k““1¢£,',‘) )

respectively.

Remark 4.2. It is well-known that the order of convergence of the approximations
ke &Iuk’ cf),"k to the functions 7 &, ¢y, ,, ¢r, , is p. Since all subsequent steps in the construction
of an approximate solution ¢ to the integral equation (15) are analytic, the convergence rate
of the full algorithm depends entirely on the parameter p. For example, by using 16 scaled
Chebyshev points on each subinterval at the finest level, one obtains a sixteenth order method.

4.2. Informal description of the algorithm.

We begin by directly solving the three integral equations (82), (83) and (84) on each subin-
terval B" at the finest level, as discussed in the preceding subsection. Equation (85) then
shows that o restricted to B can be expressed as a linear combination of the three solutions
Toms Ol pm« @r, .- Thus, it remains only to determine the two coefficients

tm yim
)‘] ’ >‘2

for each of the M subintervals B™. Fortunately, this can be done recursively. To see this,
suppose that, at some coarse level k < m — 1, we are given the coefficients /\'1"‘,,\‘2"‘ for the
subinterval BX. Then Corollary 3.4 provides formulas for the calculation of the corresponding

coefficients

21-1,k+1 y2i-1.,k41 26,k4+1 y2i,k+1
A] , sz: and Al y AZ

for the two child intervals B;‘-‘“l and B;:”l, respectively. For initialization, observe that

AMP=20=0 (89)

(i-e. the solution of equation (82) on the whole interval {a, c] is simply o).

In order to use the formulas (73 and 75) of Corollary 3.4, however, we need the matrices
Q¥ -1kl o2ik+1 and the vectors §2i-14+1 §20k+1 These quantities are also computed recur-
sively but in the opposite direction, namely, from the finest level to the coarsest. They are
certainly available at level m directly from the definition (86). For the interval B¥ at any
coarser level k < m — 1, Corollaries 3.2 and 3.3 describe how a'* and é** are obtained from
the matrices a and vectors § of the two child intervals.

To summarize, the algorithm consists of three parts. First, a sufficiently fine subdivision
b1,b2,...,bp4q of the interval (a, c] is chosen so that, on each of the intervals B, ,,, the functions
Mims Pl ms and ¢, . can be accurately represented by a low order Chebys...v expansion. On
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each of the intervals B, .. the equations (82) - (84) are solved (approximately) by direct
inversion of the linear system arising from a Nystrom discretization. Second, the matrices
a** and vectors 6'* are computed in an upward sweep, beginning at the finest level m. Finally.
the coefficients A'l‘k and z\‘z"c are computed in a downward sweep, beginning at the coarsest
level. The desired function o is then recovered on each subinterval from equation (83).

The following is a more detailed description of the numerical procedure.

Algorithm

Comment {Define computational grid.]

Create A = 2™ subintervals on [a, ¢] by choosing a sequence of boundary points b;,82,...,bas. baryi
with b = a and bp41 = ¢. Choose the number p of Chebyshev nodes on each interval B = [b,. b, 1)

fori=1,..., M. Determine the locations of the scaled Chebyshev nodes 7}, 7?2, ..., 7F on each interval

Br.
Step 1.

Comment [Construct the approximate solutions i . &,.'m,érm of equations (82) - (84) on each in-
terval B ]

do1=1,2,.... M

(1) Construct the three p x p linear systems on BF obtained through a Nystrom
discretization of the corresponding integral equation (see Appendix A, Section 3).

{2) Solve the three p x p linear systems on Bf by Gaussian elimination.

obtaining the values i i, 01, ., &r, ...
enddo

Step 2.

Comment [Construct the coefficients a;‘;",ai';‘.a;‘;", abs", 6™ 6™ on each interval B at the finest
level )

doi=12...M _ _ '

Evaluate the coefficients a\[", e\, a5, ay; , 6™, 61™ by applying the k—point

Chebyshev quadrature formula (Appendix A, Section 2) to the inner product integrals (86), (87).
end do

Step 3 (Upward Sweep).

Comment [Construct the matrices o** and the vectors 6% for all intervals at all coarser levels k =
m-1m-2...0]

do k= m-1, 0, -1
do i=1, 2k
Use formulae (67) - (70) and (61) - (62) to compute the matrix a**

and the vector 6* from the corresponding data in the two child
intervals (a2 ~1.k+1 g2 k41 g2-1E+] §2.E+1)

end do
end do
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Step 4 (Downward Sweep).
Comment [Construct the coefficients A"™, A}™ for all intervals at the finest level )
Set A)! = AJ! = 0 (see equation (89) above).

do k=0,m-1
do i=1, 2k
Use Corollary 3.4 to compute the coefficients
for the child intervals B5*! and B5*! from the coefficients A1*, A3* of the parent interval B
end do
end do

k4+1,26-1 yk+1,2:6-1 y24,k+1 y2i k41
A1 ‘A'Z ”\l "\2

Step 5.

Comment {Compute the solution o of equation (15) at the nodes 7}, 72,..., 7F for each interval B]"
at the finest level )

doi=1l, M
do j=1,p
Determine the values of the solution o of equation (15) at the node r;’ via formula (85).
end do
end do

Step 6.
Comment [Compute the solution ¢ of equation (1) and its derivative ¢’ from the values of ¢}

Evaluate the integral (7), and its derivative by using composite Chebyshev quadrature
(see Remark 4.4 below).

Remark 4.3. Inspection of the above algorithm shows that the amount of work required is
of the order O(M - p3). Three p x p linear systems have to be solved for each of the M intervals
B™ in Step 1, while Steps 2 - 5 require no more than O(M - p?) operations. Since N = M -p
is the total number of nodes in the discretization of the interval [a, ¢}, we can write the CPU
time estimate in the form O(N - p?). The cost of evaluating the solution ¢ of the differential
equation (1) from the integral representation (7) is O(N log p) (see Remark 4.4 below).

Remark 4.4. The final step in the algorithm involves the evaluation of integrals of the
form (7) at each of the Chebyshev nodes 77 on each subinterval B™, namely

) = [ Golrd, 1) o(t) d (90)
and .
¢'(r{)=/ Gi(r],1) - o(1) dt . (91)
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If these integrals were calculated independently for each 77, the amount of work required
would be of the order O(/N?), and would dominate the construction of the function o. In fact.
this is unnecessary, for we may write

o) = w(r?)- [/ab vz(t)'a(i)d’+/b|73 vl(’)'”(’)dt]
+u, (7)) - [+/z:.+1 v,(t)-o(t)dt+/: vr(f)'a(’)d’] , (92)
. : b 7
¢(r]) = ul(r))- [/ vx(t)-a(t)df+/b vz(t)'a(t)dt]
+u'r(T.-j)'[+ /"* w(®)-o(®dt+ [ v,(t)-o(t)dt] : (93)
(94)

where we have used the representations (11) and (12) and the fact that ‘r{ lies in the interval
B = [b;.bi+1]. Step 6 can then be written in detail as follows:

Step 6 (a).

Comment [Precompute the integrals of v;-0 and v, -0 on each subinterval B[ by Chebyshev quadrature.
These integrals will be denoted I; and I, respectively ]

doi=1. M
L(BP) = [} u(t) - o(t)dt.

L(BP) = [} v (1) - oft) dt.
end do

Step 6 (b).

Comment [{March across interval from a to ¢, computing ¢ and ¢’ at each node in discretization. The
varaibles J) and J, will be used to accumulate the integrals f:' vw(t) - o(t) dt and f;‘“ ve(t) - o(t)dt,
respectively.

Set 7, =M 1.(BM).
Set 7, = 0.

doi=1, M
do j=1,p
For each 77, compute

#(ri) = w(). [.71 + f;“, v(t) va(t)dt] +u () [ffl,‘*” ve{l) - o(t) dt + Jr]

#(3) =) [+ o) o] + i) [0 w0 ot de+ 7]
end do '
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Ji=J+ L(B™)
Jr=T - Ir(B::,])
end do

Thus, the amount of work required in Step 6(a) is O(N). The integrals required on each
subinterval in Step 6 (b) can be computed by spectral integration (see Appendix A, Section 2)
using O(plogp) work. The total cost is therefore of the order O(Mplogp) or O(N log p).

V. Numerical Results

FORTRAN programs have been written implementing the algorithm described in the pre-
ceding section, for both real and complex valued functions. In this secticn, we discuss several
details of our implementation, and demonstrate the peformance of the scheme with four nu-
merical examples.

The following technical details of our implementation appear to be worth mentioning.

1. Originally, the algorithm was implemented for a fairly wide choice of background equations
(6), and corresponding Green’s functions (11). Our numerical experiments showed that the
advantages of one background Green’s function over another tend to be minor, unless the
original equation (1) and the equation (6) from which the background Green’s function is
constructed can be chosen to be extremely close. Therefore, all subsequent implementations
and all numerical experiments were performed with equation (6) of the form

¢"(z) = 0. (95)

2. The algorithm described in the preceding section requires that the number M of elementary
subintervals on the interval [a,c] be a power of 2. Cleary, this is not an essential limitation
and it can be removed by simple bookkeeping changes. In the version of the algorithm used
for numerical experiments, these changes were made.

3. The algorithm depends for its stability on the equations (82) - (84) having unique solutions
for all subintervals B¥ (k = 0,1,...,M, ¢ = 1,...,2%.) It is easy to construct examples for
which this condition is violated, even though equation (15) has a unique solution. In such cases,
a different subdivision of the interval [a, c] can be attempted, such that none of the subintervals
Bf of the new subdivision coincides with an interval of the original one. This procedure can be
viewed as a form of pivoting, and it is easy to show that it is always possible to make it work.
It has not been implemented at this point, and we have not so far encountered a need for it.

4. We have. however, implemented a crude scheme for detecting high condition numbers in
the algorithm. These can occure in two places: in the solution of the linear systems on each
of the finest level subintervals (Step 1), and while merging the solutions on two consecutive
subintervals via formulae (61)-(62) and (67)- (70) (Step 3). In the first case, the condition
number of the system being solved is estimated in the process of solution (we use a standard
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LINPACK routine), and the largest of these is returned to the user. In the second case, the
immediate reason for the ill-conditioning is the appearance of small values of the coefficient A
in formulae (61)-(62) and (67)-(70). The smallest of these is also returned to the user. When
an extremely large condition number is detected by the LINPACK routine, or an extremely
small A is generated in the merging process, the resulting solution of the original ODE should
be viewed as suspect. It is easy to show that when the differential operator is positive definite,
this cannot happea. A more complete treatment of this subject requires further study.

5. In the upward sweep (Step 3), we evaluate the matrices o** for all intervals B, ; and use
these matrices to evaluate the vectors §, the coefficients A, and, finally, the solution o of the
integral equation (15). But the matrices a*** do not depend on the right-hand side f of equation
(15), and it is easy to see that their evaluation accounts for more than three quarters of the
work. Therefore, whenever the equation (15) has to be solved with multiple right-hand sides.
we precompute the matrices a** and store them, saving about 75% of the cost of the evaluation
of subsequent solutions.

The algorithm of this paper has been applied to a variety of problems. Four experiments
are described below, and their results are summarized in Tables 1-10. In each of these tables.
the first column contains the total number N of nodes in the discretization of the interval
[a,c]. The second column contains the relative L2 error of the numerical solution as compared
with the analytically obtained one, and the third column contains the maximum absolute error
obtained at any node in the discretization. Columns four and five contain the same information
for the derivative of the solution (i.e. its relative L2 and L, errors respectively). Finally, the
last column contains the CPU time required to solve the problem. In all cases, the times given
are for a SUN 3/60 computer using the 68881 floating point coprocessor.

Example 1. This example is taken from [10], where it is described as a reasonably difficult
one due to the presence of rapidly growing solutions of the corresponding homogenous equation.
The equation to be solved is

¢" + 4009 = —400cos*(rz) — 2n%cos(27z) (96)

with the boundary conditions
¢(0) = ¢(1) = 0. (97)

The algorithm has been applied to this problem with p = 8,16 and 24, and the results of this
experiment are presented in Tables 1-3.
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n E(o) E>(0) E2(¢) E>(¢') ! (sec.)
8 0.409 x10~1 | 0.316 x10-! | 0.787 x10~! 0.972 0.400 x10-!
16 | 0.302 x10~2 | 0.186 x10-2 | 0.347 x10~2 | 0.371 x10~! | 0.140 x10°
32 | 0.480 x10™4 | 0.426 x10~* | 0.691 x10~4 | 0.891 x10=3 | 0.220 x10°
64 | 0.356 x1076 | 0.513 x10-% | 0.643 x10-¢ | 0.106 x10~4 | 0.400 x10°
128 | 0.179 x10~8 { 0.369 x10-8 | 0.366 x10-8 | 0.782 x10~7 | 0.820 x10°
256 | 0.763 x10~1! | 0.198 x10~-10{ 0.162 x10~° | 0.424 x10~° | 0.162 x10?
512 | 0.305 x10~13 | 0.918 x10~13 { 0.659 x10~13 | 0.196 x10~!! | 0.318 x10!
1024 | 0.136 x10~14 | 0.130 x10~14 [ 0.915 x10~15 | 0.355 x10~13 [ 0.638 x10!
2048 | 0.103 x10-14 [ 0.171 x10~14 | 0.117 x10714 | 0.532 x10-13 | 0.126 x10?

Table 1: Numerical results for Example 1, p = 8.

n E?(¢) E>(¢) E%¢") E>(¢) t (sec.)
16 | 0.954 x10~° | 0.659 x10-° | 0.959 x10~° | 0.138 x10~3 | 0.200 x10°
32 | 0.457 x10°% | 0.301 x10~% | 0.545 x10~8 | 0.602 x10~7 | 0.340 x10°
64 | 0.401 x10712 | 0.388 x10-12 |} 0.581 x10~12 | 0.778 x10~11 | 0.700 x10°
128 | 0.658 x10715 { 0.139 x10-%4 | 0.106 x10~!4 | 0.319 x10-13 | 0.134 x10!
256 | 0.626 x10715 | 0.119 x10-14 { 0.106 x10~1¢ | 0.426 x10~13 | 0.262 x 10!
512 | 0.635 x10~15 | 0.149 x10-14 | 0.934 x10~%% | 0.426 x10~13 { 0.520 x10!

Table 2: Numerical results for Example 1, p = 16.

n E?(¢) E>=(¢) E ) E~>(¢") t (sec.)
24 | 0.764 x10-10 | 0.524 x10~19 | 0.539 x10~19 | 0.804 x10~° | 0.380 x10°
48 | 0.970 x10715 | 0.155 x10~14 | 0.110 x10~14 | 0.319 x10-13 | 0.720 x10°
96 | 0.851 x10-15 | 0.175 x10~14 | 0.124 x10~14 | 0.319 x10~!3 | 0.144 x10!

Table 3: Numerical results for Example 1, p = 24.

Example 2. The purpose of this example is to demonstrate the performance of the method
when the coefficients p, g of the equation (6) are singular at the ends its interval of definition.
while the particular solution being sought is smooth. We solve the Bessel equation

" 1, z? - v?
- = 98
#'(2)+ 2 P(a)+ 5 =0 (9%)
on the interval [0,600] with the boundary conditions
#(0) =0, (99)
#(600) = 1, (100)
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and v = 100. The difficulty of this problem is due to the fact that the two linearly independent
solutions of equation (98) are J, (r) and Y,(z) (Bessel functions of the first and the second
kinds, respectively). Asis well known, J,(z) behaves in the vicinity of zero like z¥, while Y, (z)
behaves like z7%; most methods have trouble finding the decaying solution. In addition. this
is a fairly large-scale calculation, since the interval [0, 600] contains almost 100 wavelengths of
the solution to (98). The algorithm has been applied to this equation with p = 16,20, and 24.

The results are presented in Tables 4-6.

n E?(0) E>(¢) E*(¢) E>=(¢') t (sec.)
192 0.945 0.103 0.101 x10! 0.172 x10' | 0.194 x10!
384 0.651 0.901 x10-! 0.658 0.108 x10! | 0.394 x10!
768 | 0.106 x10~3 | 0.151 x10~4 | 0.106 x10~3 | 0.177 x10~3 | 0.786 x10!
1536 | 0.284 x10~8 | 0.406 x10~° | 0.285 x10~8 | 0.478 x10~8 | 0.156 x 102
3072 | 0.179 x1071° | 0.265 x10~1 | 0.177 x10~1° { 0.310 x10~1° | 0.314 x10?
6144 | 0.100 x10~1% | 0.138 x10~1! { 0.101 x10~1° } 0.167 x10~10 | 0.625 x10?

Table 4: Numerical results for Example 2, p = 186.

n E*0) E>(¢) E* () E%(¢)) t (sec.)
240 | 0.120 x10! 0.198 0.111 x10! 0.232 x10' | 0.300 x10!
480 { 0.845 x10~2 | 0.118 x10~2 | 0.851 x10-2 | 0.140 x10~1 | 0.598 x10!
960 { 0.684 x10~7 | 0.979 x10~8 | 0.687 x10~7 | 0.114 x10-% | 0.119 x102
1920 | 0.205 x10-1! | 0.302 x10~12 | 0.202 x10~!! | 0.355 x10-11 | 0.239 x 102
3840 | 0.229 x10-10 | 0.325 x10~!! | 0.231 x10~1° | 0.382 x10-10 | 0.480 x10?

Table 5: Numerical results for Example 2, p = 20.

n E%(¢) E>(¢) E(¢') E>(¢') t (sec.)
288 0.889 0.113 0.942 0.155 x10' | 0.430 x10!?
576 | 0.765 x10~4 | 0.108 x10-4 | 0.770 x10~4 | 0.127 x10~3 | 0.866 %10}
1152 | 0.206 x10~19 | 0.295 x10~1! | 0.207 x10~-1° { 0.346 x10~1°} 0.176 x10?
2304 | 0.356 x10~1" | 0.503 x10~12 | 0.356 x10~*! | 0.594 x10~11 | 0.343 x10?
4608 | 0.627 x10~11 | 0.856 x10~12 | 0.644 x10-1! | 0.982 x10~1? | 0.688 x10?

Table 6: Numerical results for Example 2, p = 24.

Remark 5.1. Problems like the preceding one are frequently encountered in the modeling
of wave phenomena by means of separation of variables, and were the original motivation for
this work.
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n E?(¢) E>(0) E%(¢) E>(¢') t (sec.)
240 0.706 0.913 0.907 0.675 x108 | 0.242 x10!
256 | 0.960 x10~2 | 0.468 x10~! | 0.455 x10~! | 0.338 x10° | 0.256 x10!
272 | 0.701 x10% | 0.445 x10~3 | 0.476 x10~3 | 0.265 x103 | 0.278 x 10!
283 | 0.835 x10~7 | 0.635 x10~% | 0.761 x10-° 0.404 0.288 x10!
304 | 0.198 x10-10 | 0.141 x10~9 | 0.200 x10~9 | 0.147 x10~3 | 0.308 x10!
320 | 0.378 x10-11 | 0.233 x10-10 | 0.254 x10~1° | 0.289 x10~4 | 0.320 x10?
336 | 0.610 x10~11 | 0.394 x10~1° | 0.321 x10-1° | 0.431 x10~* | 0.338 x 10!

Table 7: Numerical results for Example 3, p = 16.

Example 3. We solve a singular perturbation problem of the form

€-¢"(z) - ¢'(z) =0, (101)
#(~1) = 1, (102)
(1) = 2, (103)

with € = 1076, The solution of this problem has an extremely sharp boundary laver near
the right end of the interval [-1,1], causing severe numerical difficulties when most standard
algorithms are used. In this case, we construct the intervals B™ = [b;, b;31] via the formula

bl = "‘1 3
-1 1 7=-1
b, = -1+§:(—2—) forie=2,....M, (104)
=1
ba+r = 1,

so that they become progressively smaller near the right end of the interval [—1,1]. The results
of this experiment are presented in Table 7.

Example 4. Here, we solve a problem of the type which arises when dealing with a
frequency domain equation for the vibrating string.

¢"(z) + k* - ¢(z) = 5 -sin(k - 2), (105)
with Dirichiet boundary conditions
&(c) = sin(k - ¢), {106)

¢(d) = sin(k - d) . (107)

These boundary conditions correspond to the solution ¢ = sin(k - z). In Tables 8-10, we
present the results obtained by with our algorithm for ¢ = —~1,d = 1, and k = 630, in order to
demonstrate the performance of the method on large-scale oscillatory problems (the string is
roughly 200 wavelengths long).

21




The following observations

more extensive experiments.

can be made from Tables 1 - 10, and are corroborated by our

n E?(0) E>(¢) E?%(¢') E>(¢') t (sec.)
800 | 0.314 10' | 0.402 10" | 0.353 10! | 0.251 10¢ | 0.820 10!
1600 { 0.782 10~ { 0.101 10-3 | 0.887 10~4 | 0.626 10~* | 0.165 107
3200 | 0.203 108 | 0.281 10~8 | 0.242 10~% | 0.173 10~5 | 0.329 102
6400 | 0.153 10~8 | 0.187 10~8 | 0.158 10~8 | 0.110 10~5 | 0.664 10°

Table 8: Numerical results for Example 4. p = 16.

n E%(¢) E>(9) E?(¢') E>(¢') t (sec.)
600 | 0.218 10! 0.379 10! 0.215 10! 0.241 104 | 0.894 10!
1200 | 0.83910-% | 0.104 103 | 0.918 10~¢ | 0.697 10-! | 0.179 10?
2400 { 0.206 10~1° { 0.361 10~ | 0.181 10~ | 0.153 10-7 | 0.360 10°
4800 | 0.411 10719 | 0.916 10719 | 0.353 10-1° { 0.352 10~7 | 0.721 102

Table 8: Numerical results for Example 4, p = 24.

n E%(0) E>(9) E*(¢) E(¢) | t(sec.)
800 | 0.223 10~ | 0.400 10-1 | 0.23510~! | 0.283 102 | 0.164 10?
1600 | 0.607 10-9 | 0.837 10~° | 0.664 10~° | 0.522 10~% | 0.328 10?
3200} 0.194 1010 | 0.252 10-1° | 0.168 10~'% | 0.144 10-7 | 0.675 10°
6400 { 0.118 10° | 6.17210~° | 0.11210~° | 0.93510~7 { 0.133 103

Table 10: Numerical results for Example 4, p = 32.

1. The practical convergence rate of the method is consistent with the theoretical one. For
larger p, the exact numerical verification of the order of convergence tends to be difficult, since
the precision of calculations is exhausted before the behavior of the scheme becomes asymptotic.
However, this is often encountered when dealing with rapidly convergent algorithms.

2. For small-scale problems (such as in Example 1) and large p, the algorithm produces essen-
tially exact results with a small number of nodes. For large-scale problems, double precision
accuracy is achieved at approximately 20 nodes per wavelength with p = 20, at 12 nodes per
wavelength with p = 24, and at 10 nodes per wavelength with p = 32. The optimal timings are
achieved at p between 24 and 32 (provided that about 10 - 12 digits of accuracy are desired).
There seems to be no reason for using the scheme with p < 16.

3. The scheme is completely indifferent to the extreme stiffness near the left end of the interval
[c,d] of equation (98) in the Example 2.

4. It is easy to use the algorithm in an adaptive manner, as demonstrated in Example 2, where
we resolve a boundary layer of relative thickness 10-6, without encountering any numerical
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difficulties. However, a fully adaptive version of the scheme has not been implemented. The
intervals B in Example 2 were provided by the calling program (as opposed to having been
constructed by the algorithm itseif).

5. The condition number of a Nystrom discretization of a second kind integral equation is
asymptotically bounded, and our results reflect this fact. The relatively poor accuracy (10 -
11 digits) obtained in Examples 2, 3 and 4 is due to the ill-conditioning of the original ODE.
as opposed to that of the numerical scheme used.

V1. Generalizations and Conclusions

Generalizations: The results of this paper can be generalized in three obvious directions.

1. As described here, the algorithm is only applicable to boundary value problems for a single
second order ODE. It can be generalized to systems of ODEs of arbitrary dimension. This
generalization is quite straightforward, though technically somewhat involved. This work is
currently in progress, and its results will be reported at a later date.

2. The algorithm of this paper can be used as a solver for the linearized problems which
arise in applying Newton-type methods to non-linear boundary value problems of ordinary
differential equations. This would involve converting the differential equation being solved into
a non-linear second kind integral equation, with the subsequent application of an iterative
(Newton) algorithm to the latter. In the context of non-linear problems, second kind integral
equations retain their usual analytical and numerical advantages over the differential equation
formulation. However, our numerical experience with such problems is extremely limited.

3. Attempts have been made to extend the results of this paper to elliptic partial differential
equations. While this direction of research appears to be extremely attractive in principle, we
have not been able to produce a workable algorithm of this type.

Conclusions: An algorithm has been presented for the solution of two-point boundary
value problems of ordinary differential equations. The algorithm is based on reducing the
differential equation to a second kind integral equation, with the subsequent solution of the
latter via a Nystrom type scheme. It has CPU time requirements proportional to N - p?, where
N is the number of nodes in the discretization of the interval of definition of the equation, and
p is the desired order of convergence of the scheme. The method does not involve the solution
of linear systems with large condition numbers, permits the use of schemes with extremely high
orders of convergence, and is quite insensitive to boundary layers or to end-point singularities
in the coefficients of the differential equation.

Appendix A.
A High Order Scheme for the Solution of Equations (82) - (84)

In this appendix, we summarize a classical approach to the solution of integral equations

via the Nystrom algorithm based on Chebyshev quadrature. The facts used in this appendix
are well-known, and can be found, for example, in (4,5,7].
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A.l. Chebyshev approximation.
For any non-negative integer n, the Chebyshev polynomial T, of degree n is defined by the
formula
T, (cosB) = cos(nf). (10%)

Clearly, |Tn(z)| < 1 for r € [-1, 1),
To(z) = 1. Tiz)=1=x (109
and. using elementary trigonometric identities,
Tpt1(z) = 22Tn(x) ~ Ty (2) forn>1. (110)

It is easy to see that. for n > 1, the roots t1.t2,.--,17 of T, are real, located on the interval
(-1.1], and given by the formula

(21 - 1)r

n

t;:cos (111)

The Chebyshev polynomials constitute an orthonormal basis for L?[—1, 1] with respect to the
inner product

1
(For= [ ft)-gt-(1-2t)4 a, (12)
-1
Therefore, any function f € C9{~1,1] can be represented by an expausion
oG
fz)=Y a Tiz), (113)
1=0
with the coefficients a; given by
a; = (f,Ti)r. (114)

The popularity of Chebyshev expansions as a numerical tool is largely a consequence of the
following two lemmas. The first demonstrates thai the series converges rapidly for sufficiently
smooth functions, while the second shows that numerical evaluation of the coefficients takes a
particularly simple form. Proofs may be found in [7].

Lemma A.1. Suppose that n and k are natural numbers, and that f € C*[-1,1]. Supposc
further that the coefficientsag.ay,- - -, a, are defined by formula (114). Then for anyz € [-1.1].

f(5) = Y a0 Tl = Oy ) - (115)

1=0

In particular, if f € C°, then the expansion (113) converges to f superalsebraically.
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A well-known property of the coeflicients of the Chebyshev series is that they can be ob-
tained from the cosine transform of the function F(6) = f(cos#). More precisely, a simple
change of variables vields the result

6% = (f-To)T='Tl?/0”f(C050)d9

ak

(fTe)r = ;/” f(cos 8) cos k848 for k > 0. (116)
0

Lemma A.2. Suppose that n and k are natural numbers, that f € C*[~1,1], and that
the coefficients a, are defined by (114). Suppose further that the vector £, = (f}, f2.---, f™)
consists of the function values at the roots of T, (z), namely

fi= ft), i=1,2,...,N. (117)
Let a = (0,01, +,an-1) be given by
o =Cn(fn), (118)

where C,, denotes the discrete cosine transform of dimension n. Then

la; — a;] = O(%) .

A.2. Chebyshev quadrature.

Lemmas A.1 and A.2 provide a tool for the construction of highly accurate interpolation
schemes. The following two lemmas use Chebyshev expansions as an apparatus for the numer-
ical evaluation of indefinite integrals.

Lemma A.3. Suppose that f :[—1,1] = R is given by the finite Cheby: cv . . .es

n-1
f(z)=Y" o Tiz) . (119)

=0
Then the indefinite integral of f has a series ezpansion of the form
T n
Aa)= [ f0)dt=3 - Ta) . (120)
= 1=0

The cocefficients are given by

1 .
Bi = 73 “(Cic1roim1 = €igr  Qig1) fori21,
n-1
ﬂo = 2.2(_1)1'—1 _ﬂ'_‘ (121)

=1
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where cg = 2, ¢; = 1 for1 > 0, and o, is assumed to be zero outside the range: = 0.1,...,n-1.

Definition A.1 Let ¢ = (ag.0y.-+-,an-1) and let 3 = (Bo,B1.---,08n). Then the linear
mapping S™ : R™ — R"*! defined by the formula

S™(a) =8
is referred to as the spectral integration operator.

Lemma A.4. (Clenshaw and Curtis [2]) Suppose that f € C¥[-1,1] for some k > 1, and
that the vector fr = (f1, f2...., f2) € R™ consists of the function values at the roots of T,,(7).

o= f(eh), i=1,2,...,N.
Suppose further that F; : {~1,1] —» R is the indefinite integral
Fe)= [ ft0) de
and that the vector F™ = (F}, F?,...,F?) € R" is defined by the formula
Fi = R(t). (122)
Then )
IF™ = €210 8™ 0o (fM)llee = O(==7) - (123)

Furthermore, all elements of the matriz C;! o S™ 0 C,, are strictly positive.

The following theorem provides a trivial extension of the above lemma to the case of intervals
of length other than 2.

Theorem A.l. Suppose that [a,b] C R is an interval of non-zero length, n,k is a pair of

natural numbers, f € C*[a,b], and the finite sequence T}, 72 .-+, 77 is defined by the formula

1o (5[5 (52).

Suppose further that the function F : [a,b] — R is defined by the formula

Fi(z) = jr f(1) dt. (125)

Finally, suppose that the vectors f™ = (f1,f2,...,f") and F* = (F}, F%,..., F}) are defincd
by

fi= f(r) (126)
and _ ‘
F! = F(r}). (127)
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Then
b-a

2

IF" = 222 Cat o 570 C (Sl = Oy (128)

In the solution of the integral equation (&), we will also require the evaluation of indefinite
integrals of the form

b
F.(z) = fr (1) dt.

For this purpose, we have the following theorem.

Theorem A.2. Suppose that [a,b] C R is an interval of non-zero length, n,k is a pair of
natural numbers, f € C*[a, b}, and the finite sequence 71,72, 77 is defined by the formula

i b—a (Zi—l)n] (b+ a)
= { — A S At —_ . 129
T <2>C°s[ Ta A (129)
Suppose further that the function F, : [a.b] — R is defined by the formula
b
Fi(z)= / (1) dt. (130)
oo

Finally, suppose that the vectors f* = (f}, f2,...,f1) and F"* = (F}, F?,...,F}) are defined
by

fr = £(r3) (131)
and 4

Fi = F,(r}). (132)

Then

n b-a -1 on n 1

HE” ~ -Cpio8" o Cn (S =O(F)’ (133)

where
§S"=ToS"oT (134)

and T : R™ — R" s the transposition operator defined by

Tip-isn = 1,
Taoitr; = 1, (133)
T;,; = 0 otherwise.

Definition A.2. The matriz




is knoun as the left spectral integration matriz of order n on the interval [a,b). The matriz

- b-a

5 -CiloS"oCy, (137)

1s known as the right spectral integration matriz of order n on the interval [a,b].

According to Theorems A.1 and A.2, ST, converts the values of a function f : [a,b] — R at
the Chebyshev nodes on the interval [a, b] into (approximate) values of the indefinite integral

| o

at these same nodes. Similarly, S’Qb converts the values of f into (approximate) values of the
indefinite integral

j;b f(t)dt .

Furthermore, the order of convergence of the discrete approximations is equal to the number of
continous derivatives f possesses. Finally, S, and Sty can be applied to an arbitrary vector

for a cost proportional to n - log(n), since it is a product of a diagonal matrix (S™ or S7) and
two cosine transforms. The latter fact, however, is irrelevant for the purposes of this paper.

A.3. The Nystrom algorithm for the solution of second kind integral equations.

The Nystrdm algorithm associated with a family of n-point quadrature formulae n* =
{2k, w;} replaces the integral equation

L
4)+ [ K0 9(0)dt = o(z) (138)
with the system of linear algebraic equations
n
¢.'+Zw;--1\"(z,-,zj)-¢>j = g(2) i=1,...,n. (139)
3=l

We denote the matrix of the discretized system (139) by B,, and view the solution ¢, ..., ¢n
of (139) as an approximation to the solution ¢ of (138) at the nodes z,...,2,. If (139)
has a unique solution, then for a wide class of quadrature formulae n™ and sufficiently large
n, the system (138) also has a unique solution. Furthermore, under fairly broad assumptions,
the convergence rate of the Nystrém algorithm is the same as the convergence rate of the
quadrature formula it is based on (see, for example, [1)).

A.4. A high order Nystrom scheme for the solution of equation (8).

In this section, we describe a particular version of the Nystrém scheme for the solution
of equations of the form (8). The scheme to be described is based on Chebyshev quadrature
and has a convergence rate of the order k — 1, where k is the number of continous derivatives
possessed by the solution o of equation (8).
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Given an interval [a.c] and the Chebyshev nodes 1y,72,---,7, on it, we will define the
diagonal operators P,Q, UL, U™, UV, U™, V! VT : R* — R" via the formulae

P = p(n),
Q.i.i = §(n),
Ui“,- = w(n).
UL = u(n), (140]
Ul; = un),
Ui, = ul(m).
Vi = w(n),
Vi’,-z' = 'U,.(T,‘).

Finally, we will define the operator A™ : R* — R™ by the formula

At=1 4 Po(U'oSp goV!I4+ U 08f 4o V),
+ Qo(U'oSE goVi+ U o 5] 4o V), (141)

and the vector f* € R™ by the formula
fin ‘:f(Ti)' (142)

Observation A.1. The mapping A" defined by the expression (141) can be viewed as an
approximation to the operator P; defined by the expression (81). This is obvious from (11).
(12), Theorem A.1 and Theorem A.2.

The following theorem provides an exact statement of the above observation. It is used
in Section IV of this paper to construct highly accurate approximations to the solutions of
equations (82), (83) and (84) on elementary subintervals B™, and is the principal purpose of
this Appendix.

Theorem A.2. Suppose that the equation (7) is chosen in such a manner that v, v, €
C*la,c] for some k > 1. Suppose further that the equation (82) (or (83) or (84)) has a unique
solution o such that o € C*[a.c]. Then for all sufficiently large n, the equation

AM(e™) = 7 (143)
has a unique solution ¢", and
1
liok = o(m)lleo = O(—=) - (144)
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