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1 Galois theory of fields

1.1 Basic notions

Let k be a field, and consider an algebraic field extension L|k. We denote by Auty(L) the group
of field automorphisms of L fixing k elementwise, and if G = Auty(L) then we denote by L the
subfield of elements of L which are fixed under the action of G, that is

LC ={z € L:o(z)=x forall 0 € G}.

Definition 1.1. In the above situation, we say that the extension L|k is Galois if

LG =k.

Recall that an algebraic closure of k is an algebraic extension k of k that does not admit
algebraic extensions other than itself. We now recall the following well-known results from field
theory.

Facts 1.2. Let k be a field.
1. There exists an algebraic closure k of k.

2. If L|k is an algebraic extension, then there exists an embedding L < k leaving k fixed
elementwise.

3. If L is a fixed algebraic closure of L, then every embedding L — k fixing k extends to an
isomorphism L = k.

For a proof, we refer to [1, Chapter V - 2.6 & 2.8].

( 1\

Definition 1.3. Let L|k be an algebraic field extension.

e An element x in L is separable over k if the minimal polynomial of x over k£ has no
multiple roots.

e The extension L|k is separable if every element of L is separable over k.

( A
Definition 1.4. Let k be a field and let k be a fixed algebraic closure of k. The separable
closure of k in k is B

ks = {\ € k: X\ is separable over k}.

The absolute Galois group of k is

Gal(k,|k) = Autg (ks).




Remark 1.5.

1. The extension k;|k is Galois. In fact, it suffices to show that for every element x in ks
not contained in k there exists an automorphism o in Gal(ks|k) such that o(x) # . Let
7' be another root of the minimal polynomial of x over k. Then the assignment z — 2’
induces a field isomorphism k(z) = k(z') that fixes k elementwise. By Fact 1.2 (3), the
latter extends to an automorphism o: k — k. Since o sends each element to another root
of its minimal polynomial over k, it maps ks onto itself, determining an automorphism of

ks which sends z to 2.

2. The absolute Galois group of k depends on the choice of the algebraic closure k of k.

( N\
Proposition 1.6. Let L|k be a separable field extension and let ks be a separable closure
of L. The following are equivalent.

1. L|k is a Galois extension.

2. The minimal polynomial over k of each element of L splits into linear factors in L.

3. Each o in Gal(ks|k) satisfies o(L) C L.

Recall that an extension L|k satisfying property (3) of Proposition 1.6 is called a normal
extension.

Proof. First, we prove (1) = (2). Let 2 be an element in L. Then z is a root of the polynomial
f=1I0—o)),

where S is a system of coset representatives of the stabilizer of = in Gal(ks|k). Let g be the
minimal polynomial of x over k. Then o(x) is a root of g for all o in S, so f divides g. Since g
is irreducible and monic, we conclude f = g.

The implication (2) = (3) is trivial, so we prove (3) = (1). Let x be an element in L\ k.
Since kq|k is a Galois extension, x is moved by some o in Gal(ks|k). As o(L) C L, o restricts to
an element of Auty(L) which does not fix x. O

Here is an important result which allows us to characterize infinite extensions in terms of
their finite subextensions:

Fact 1.7. If L|k a finite separable extension, then there exists a finite Galois extension M |k
containing L.

It essentially follows from the Primitive Element Theorem, by taking the splitting field of the
minimal polynomial of a generator of the extension.

Corollary 1.8. If L|k is an infinite Galois extension, then L is the union of its finite Galois
subextensions:
L=Jm

kCMCL
M finite Galois




We want to reduce questions about infinite Galois theory to the finite case: let L|k be an
infinite Galois extension and consider two finite Galois subextensions L1 C Ly C L over k. Then
there are surjective restriction maps

Gal(Lolk) - Gal(Ly|k),

and the idea is to “pass to the limit” in Ly. To make this precise, we need to introduce the
notion of profinite groups.

1.2 Profinite groups and their topology

( )

Definition 1.9. A (filtered) inverse system of groups (Gu, Yag)a,gea consists of

e a partially ordered set (A, <) that is directed, i.e. for every «, 5 in A there exists 7 in
A such that a < v and 8 < v;

e a group G, for each a in A;
e A group homomorphism ¢,g5: Gg = G, for every o < 8 in A such that

— Qaa =idg, for all o in A;

— Pay = Pap 0 sy forall @ < B < vyin A.

( A
Definition 1.10. The inverse limit of an inverse system of groups (Ga, ¢ag)a,pen is the
subgroup of the direct product [], ., Ga

@Ga = {(ga) € H Go: 0ap(gp) = ga for all a < B}

aEA aEA

( A
Definition 1.11 (Profinite group). A profinite group is an inverse limit of a (filtered) inverse

system of finite groups.
& J

Example 1.12.
1. Every finite group is profinite (it is the limit of the constant system).
2. Let G be a group, and consider the set
A={U<G: [G: U] < oo},

of normal subgroups of finite index, ordered by reverse inclusion. For U C V in A we have
projection maps pyy: G/V — G/V | and the resulting inverse limit

G =1

=)

G/U

of

is called the profinite completion of G.



3. Taking G = Z in the previous example, we obtain the profinite completion of the integers

Z = lim Z/nZ.
L=

Here the reduction maps are given by Z/nZ — Z/mZ for m | n. In fact, Z is also a ring
with componentwise multiplication.

Exercise 1.13. Show that there is an isomorphism

z= [[ z.

p prime

Here, Z, = 1£1n Z/p"Z is the additive group of p-adic integers. Again, Z, is also a ring and the
above turns out to be an isomorphism of rings.

Fix a profinite group G = @ae A G,. We can equip each G, with the discrete topology, the

direct product [, Go with the product topology, and the inverse limit G C [], ., Go with
the subspace topology. The following fact follows directly from the definitions.

Fact 1.14. The projection maps
To: G — Gy

are continuous for the above topology, and the subgroups ker(r, ) form a basis of open neighbor-
hoods of the identity in G.

[ Lemma 1.15. The topological group G is a closed subspace of [[,cx Ga- ]

Proof. We prove that the complement is open. Pick ¢ = (ga)aca not in G. Then there exist
a < (3 such that ©,5(93) # go. The open set

o ({ga}) N5  ({g8})

contains g and is disjoint from G. O

By Tychonoff’s theorem, the product [], ., G« is compact (and it is obviously Hausdorff),
so we get the following.

[ Corollary 1.16. A profinite group is a compact Hausdorff topological group. ]

In fact, it can be shown that the profinite structure is determined by purely topological
properties:

Fact 1.17. A topological group is profinite if and only if it is compact, Hausdorff and totally
disconnected.

For a proof, we refer to [2, Theorem 1.1.12].



1.3 The Galois correspondence

( N\
Proposition 1.18. Let K|k be a Galois extension. Then there is a group isomorphism

Gal(K|k) = hénGal(LUe),
L
where L runs over the finite Galois subextensions L|k contained in K. In particular,

Gal(K|k) is a profinite group.

(. J

Proof. Consider the restriction map
® : Gal(K|k) — l'glGal(LUc)
L
o — (U‘L)L

which is well-defined by Proposition 1.6 (3). Then ® is continuous and injective, as if o # 1 then
there is some « in K such that o(a) # «; since « is contained in a finite Galois extension L]k,
we have o|, # 1. For surjectivity, given an element (o) in the limit, we define 0: K — K by
o(a) = or () where Lk is a finite Galois extension containing «. Note that o is well-defined,
as if L’ D L is another such extension then or/|;, = or. It is easy to see that o is a field
automorphism of K fixing k elementwise, and by construction ® (o) = (o)L. O

Corollary 1.19. For every finite Galois extension L|k contained in K there is a continuous

surjection
Gal(K|k) — Gal(L|k).

Proof. The desired map is the continuous homomorphism making the diagram

Gal(K|k) —— [, Gal(L|k)

ey

“Gal(L[k)

commute. This is surjective because every automorphism o of L|k extends to an automorphism
o of the separable closure ks, and the latter restricts to an automorphism of K|k which is sent
to o by the above map. O

Example 1.20.

1. Let F be a finite field and let Fy be its separable (algebraic) closure. If L|F is a finite
extension of degree n, then it is Galois with cyclic Galois group of order n. These assemble
to an isomorphism R

Gal(F,|F) = Z.
If |F| = g, then the isomorphism is given by sending the Frobenius automorphism z — x4
tole 2, which generates a dense subgroup Z C Z.



2. Take k = C((t)). Then, by a theorem of Puiseux, every finite Galois extension of k is given
by adjoining the n-th root of ¢ for some n, and thus

Gal(C(1)|C(t) = Z.

3. Fix a prime number p, and let k = Q(pp~) = |J,~; Q(1pr) be the extension of Q obtained
by adjoining all p-power roots of unity. By a well-known result from number theory, each
term has Galois group

Gal(Q(uy)IQ) = (2/p"2)",

and taking the limit we get an isomorphism

Gal(Q(up=)|Q) = Z,;,

where we used the fact that the units of the finite rings (Z/p"Z)* assemble to the units of
the inverse limit Z,,. Finally, if Q(x) = UU,,~1 Q(in) is obtained by adjoining all roots of
unity, then -

Gal(Q(n)|Q) = Z*.

Now we are ready to state and prove the main result of Galois theory for arbitrary Galois
extensions.

( 1\

Theorem 1.21. Let K|k be a Galois extension and let L be a subextension of K |k. Then
Gal(K|L) is a closed subgroup of Gal(K|k), and the assignments

L+ H = Gal(K|L)
Hr+—— K
yield an inclusion-reversing bijection
{ subfields K D L D k } — { closed subgroups H < Gal(K |k) } .
Moreover, finite extensions L|k correspond to open subgroups H < Gal(K|k), and Galois

extensions L|k correspond to normal subgroups H < Gal(K k).
(. J

Remark 1.22.

e In a topological group, every open subgroup is closed, since its complement is a union of
the other open cosets. In fact, they are precisely the closed subgroups of finite index in
any compact topological group.

e If K|k is an infinite Galois extension, there may exist non-closed subgroups in Gal(K|k),
for example Z is a dense subgroup of Z = Gal(F,|F,). In general, we can use the following
idea of Dedekind: take an infinite chain

k=kyChki ChksC...C K

and if k; # k;11, one proves that every o in Gal(k;|k) extends to o in Gal(k;11]k) in at
least two ways, which implies that Gal(K|k) is uncountable. Similarly, one shows that a
closed subgroup H < Gal(K|k) is uncountable, and thus countable subgroups are never
closed.



The following theorem indicates that the absolute Galois group of a field encodes a lot of
information about the field itself; the number field case was proven by Neukirch in 1969.

( A
Theorem 1.23 (Pop, 1994). Let K7, K5 be finitely generated field extensions of Q. If there
is an isomorphism of topological groups

P Gal(?l\Kl) :—> Gal(FﬂKg),

then K; = K as fields. In fact, every such isomorphism comes from an isomorphism of

the algebraic closures p: K; — Ko by conjugation: g+ @ ogo ¢!

(. J

We now start proving Theorem 1.21, dividing the proof into several steps.

Proposition 1.24. Let K|k be a Galois extension and let L be an intermediate field exten-
sion of K|k. Then Gal(K|L) is a closed subgroup of Gal(K|k).

Proof. We first assume that L/k is a finite subextension, and show that Gal(K|L) is open in
Gal(K k). Since L embeds in some finite Galois extension M of k contained in K, there is a

continuous surjection

om : Gal(K|k) — Gal(M|k) D Gal(M|L)
and U = ¢/ (Gal(M|L)) C Gal(K|k) is open. Also, we have an inclusion Gal(K|L) C Uy
because its image in Gal(M|k) is exactly Gal(M|L), so it suffices to show the reverse inclusion:
if o is an element in Uy, then o| lies in Gal(M|L), so o|r = idy and thus o lies in Gal(K|L).
Thus Gal(K|L) = Uy, is open. If L is arbitrary, then L = |J_ ., Lo where L, ranges over the
finite Galois extensions of k£ contained in L. Then,

acA

Gal(K|L) = (1) Gal(K|L)
aEN

is an intersection of open subgroups (which are always closed), hence closed. O

Proposition 1.25. The assignment L — Gal(K|L) induces an inclusion-reversing bijection
between subextensions of K|k and closed subgroups of Gal(K|k), whose inverse is given by
Hw— KH.

Proof. The previous proposition implies that the map L — Gal(K|L) is well-defined. Moreover,
if H = Gal(K|k) is the whole group, then K = L because K|L is Galois.

Now let H be a closed subgroup of Gal(K|L), and set L := K. We want to show that they are
in fact equal. Pick o in Gal(K|L) and consider intermediate finite Galois extensions K O M D L.
Then the groups Uy = Gal(K|M) for varying M form a basis of open neighborhoods of the
identity in Gal(K|L), and the subgroup H < Gal(K|L) surjects onto Gal(M|L) via the natural
projection @y (because any element not contained in L is moved by some element of H). So,
there exists some 7 in H such that ¢p (1) = ¢ar(0). In other words, H Na(Ups) # 0 for every
M, but H is closed, so ¢ lies in H and we are done. O]



Proposition 1.26. In the above correspondence, finite extensions L|k correspond to open
subgroups H < Gal(K|k), and Galois extensions L|k correspond to normal subgroups H <
Gal(K|k).

Proof. Suppose that H is a normal subgroup of G and set L = K. Then G/H acts on L and
LG/ = (KMG/H = K = [ so L|k is Galois.

Conversely, if L|k is Galois, then there exists a homomorphism G — Gal(L|k) with kernel
H = Gal(K|L), which is thus normal in G. O

1.4 Grothendieck’s Galois theory

Fix a base field k£ and a separable closure ks of k. Consider the assignment
L — Homy (L, k)

which sends a finite separable extension of k to the set of k-algebra homomorphisms L — kj.
This is a finite set: if L = k(a) and f is the minimal polynomial of a over k, every such
homomorphism is determined by the image of «, which must be a root of f in ks;. Note that
there is a left action of Gy = Gal(ks|k) on Homy (L, ks) by

G x Homy (L, ks) — Homy (L, ks)
(0,p) 00,

( A
Definition 1.27. If G is a topological group acting on a discrete set X, we say that the
action is continuous if the map

GxX—>X (g,2)—g-x

1S continuous.
(. J

( N\
Lemma 1.28. In the above situation, the action of G on X is continuous if and only if the

stabilizer of every x in X is open in G.
& J

Proof. Take an element z in X and consider the fibre
G,={9€G:g-x=2a}

of = under the composition
G M GxX—X.

If G x X — X is continuous, then G, is open. On the other hand, suppose G, is open for all z
in X. We prove that the fibre

U:={(g,y) eGxX:g-y=2} CGx X



is open. We can write
U= | {99) €Gx{y}: g-y=2a}
yeX

and each of the sets in the disjoint union is either empty or homeomorphic to G, hence U, is
open. O

Proposition 1.29. If L|k is a finite separable extension, then the finite set Homy (L, k) is
equipped with a continuous and transitive Gj-action.

Proof. The action is continuous because the stabilizer of any element ¢ of Homy (L, k) is equal
to Gal(ks|p(L)), which is open in Gy as it is closed and of finite index.

For transitivity, notice that Gal(ks|k) permutes the roots of the minimal polynomial of any
element of L transitively. O

Suppose now M|k is another finite separable extension, and let p : L — M be a k-algebra
homomorphism. Then p induces a map

p* : Homy (M, k) — Homy (L, k)
prr@op

which is compatible with the action of Gi. In other words, we have defined a contravariant
functor from the category of finite separable extensions of k to the category of finite sets with
continuous transitive G-action.

( A
Definition 1.30. Two categories C and D are equivalent if there exist two functors

F:C—»D, G:D—C

such that F o G and G o F' are naturally isomorphic to the identity functors of D and C,
respectively. An anti-equivalence of categories is an equivalence between C and the opposite
category D°P of D.

(. J

Example 1.31. Let D be the category of finite-dimensional vector spaces over a field k, and let
C be the category of vector spaces of the form k™ for some n in N. There is an obvious functor
F:C — D sending k™ to itself; it induces an equivalence of categories: to define G: D — C,
we need to fix a k-basis of each vector space in D. This induces an isomorphism V' = k" for
n = dimg (V). We set G(V) = k™ and we the image of a morphism via G as the associated
matrix with respect to the chosen bases. This highlights the two main features of equivalences
of categories: the objects of the two categories are only in bijection “up to isomorphism”, while
“locally” the morphisms are the same, meaning that for every two objects there is a bijection
between the sets of morphisms.

Theorem 1.32. The functor L — Homy (L, k) induces an anti-equivalence between the
category of finite separable extensions of k and the category of finite sets with continuous
transitive G-action.

10



Proof. Omitted, in favor of the more general Theorem 1.35 below. O

Definition 1.33. A k-algebra is finite étale if it is isomorphic to a finite direct product of
finite separable extensions of k.

Remark 1.34. One can prove the following equivalent characterizations for a finite-dimensional
k-algebra A: 7
A finite étale <= A ®y k is reduced <= Qz‘k =0,

where k is an algebraic closure of k and Q}L“k is the module of Kéhler differentials (recall that a
k-algebra is reduced if it has no nilpotents).

Theorem 1.35. The contravariant functor A — Homy (A, ks) induces an anti-equivalence
of categories

{ finite étale k-algebras } —> { finite sets with continuous Gy-action } .

We now explain how to reduce the case of étale k-algebras to the case of field extensions.

Remark 1.36. If A is the direct product [];_, L; of finite separable extensions L;|k, then we
have an orbit decomposition

Homy (A, k) = |_| Homy (L;, ks)
i=1
which is compatible with the Galois action.

Proof. We show that any ¢ : A — k, factors through exactly one of the fields L;, from which the
claim follows. Since ¢ is not zero, there exists some ¢ such that the restriction to the subring

Ox---xL;x---x0CA

is not zero, hence injective as the kernel must be a proper ideal. Similarly, if this were to hold
for some other j # 4, then the induced map

OXx X Lix---xLjx--x0—= kg

would be injective, which is a contradiction since the domain has zero-divisors. Therefore, ¢
defines a homomorphism of fields from the copy of L; sitting inside A to kg, which gives the
desired factorization (note that the identity of L; inside A is automatically sent by ¢ to 1 € kg,
as the identity of L; goes to zero for all j # i). O

The following formal lemma is useful when dealing with equivalences of categories.

11



( A
Lemma 1.37. Let F': C — D be a functor. Then F induces an equivalence of categories if
and only if

e F is fully faithful (i.e. for every C,C’ in C the map
Home (C,C") — Homp(F(C), F(C"))
is bijective);

e [ is essentially surjective (i.e. for every D in D there exists some C in C such that
F(C)= D).

Proof. We only prove the interesting direction, which is the one we shall need. Suppose F' is
fully faithful and essentially surjective. We have to construct a quasi-inverse G: D — C: for
every object V in D, we fix an isomorphism

for some object A in C and set G(V') := A. Given a morphism f: V — W in D, we define G(f)
via the following commutative diagram:

V—2 W

o o

iw |
iy ofoist
F(A) " BBy
Since F' is fully faithful, there exists a unique morphism g € Hom¢ (A, B) &L Homp(F(A), F(B))
which corresponds to iy o f o iy, so we set G(f) = g.

By construction, we have an isomorphism iy : F(G(V)) & V which is compatible with mor-
phisms, so we have to check that G o F' & id¢: for every A in C we need morphisms

G(F(A) = A, A— G(F(A)
which are inverse to each other, and by fully faithfulness it suffices to construct morphisms
F(G(F(A))) = F(A), F(A) = F(G(F(A)))
which are inverse to each other: we can just take the isomorphism ip(4) and its inverse. O

Proof of Theorem 1.35. We've already restricted to the case of finite separable extensions L|k
and transitive G-sets.

For essential surjectivity, suppose S is a finite set endowed with a continuous transitive G-
action. If s is an element in S, its stabilizer Uy C G}, is open by continuity of the action, and so
L = kY- is a finite separable extension of k. If r : L — k, is the inclusion, by transitivity of the
action on Homy (L, ks) we can define a map

HOmk(L,ks) -5
gor—g-s,

and by construction it is a Gg-equivariant bijection (everything works because U is the stabilizer
of r).

12



For fully faithfulness, given finite separable extensions L, M|k we need to show that the
assignment

Homy (L, M) — Homg, (Homy (M, k), Homg (L, ks))
prrp
is bijective. Since Homy(L, k) and Homy (M, k) are transitive Gg-sets, a map
f : Homy (M, ks) — Homy (L, ks)

is determined by the image of a fixed element ¢ in Homy (M, k). Since f is compatible with the
action of G, if U is the stabilizer of ¢ and V' is the stabilizer of f(p), then U C V. But then, we
get the the desired map L — M via the following diagram:

N

S

L -—-eee-n > M
O
2 Topological Covers
In this section, we assume all topological spaces to be locally connected.
2.1 Galois theory of Covers
( N\

Definition 2.1. Let X be a topological space A space over X is a topological space Y
together with a continuous map p : Y — X. A morphism of spaces over X is a diagram of

continuous maps

y — 1 .z

N

X

A space over X is a cover if for every x in X there exists an open neighborhood V of x such
that p~*(V)) & | l,c; U; and such that the restriction p|y, : U; = V is a homeomorphism for
every ¢ in I.

Example 2.2. If [ is a discrete space, then the projection X x I — X is the trivial cover with
fibre 1.

Remark 2.3. p: Y — X is a cover if and only if for all x in X there exists an open neighborhood
V of x such that p~!(V) is isomorphic, as a space over V, to a trivial cover.

13



Definition 2.4. Let G be a group acting on the left on a topological space X. The action
of G is even if every z in X has a open neighborhood U such that the open sets gU are
pairwise disjoint as g varies in G.

Remark 2.5. If G acts evenly on a space Y, then the natural projection Y S Y/G turns Y’
into a cover of Y/G. Indeed, every = in X has an open neighborhood of the form pg(U).

( A
Definition 2.6. Let Y — X be a cover. An automorphism of Y as a cover of X is an
automorphism of Y as a space over X. The group of automorphisms of Y as a cover of X
is denoted by Aut(Y|X).

(. J

( )
Proposition 2.7. If Y is connected and ¢ € Aut(Y'|X) has a fixed point, then ¢ = idy.

(. J

This follows from an elementary fact about covers, of which we omit the proof:

Lemma 2.8. Let p: Y — X be a cover and let Z be a connected space endowed with two
maps f,g: Z — Y such that po f = pog. If there exists some z € Z such that f(z) = g(2),
then f = g.

Indeed, taking Z =Y and f = ¢ and g = idy we get the previous proposition.

[ Corollary 2.9. If Y 5 X is a connected cover, then Aut(Y|X) acts evenly on Y. ]

Proof. Pick some y in Y and let V' be a connected open neighborhood of z := p(y) such that
p (V) = |;e; Us, with y € U; for some i. Then, the ¢(U;) are disjoint and if ¢ # id then it
must take U; to U; with j # ¢, because if ¢(U;) = U; then ¢ would have a fixed point in U; and
thus be the identity, which is a contradiction. O

[ Corollary 2.10. If G acts evenly on a connected space Y, then Aut(Y|Y/G) = G. ]

Proof. The inclusion G < Aut(Y|Y/G) is clear. Conversely, gives ¢ € Aut(Y|Y/G), for a fixed
y in Y there is some g in G such that ¢(y) = g -y. This means that ¢! o g has a fixed point,
so it is the identity and thus g = ¢. O

Let Y % X be a connected cover, and consider the factorization

Y = Y/ Aut(Y]X) B X.

14



[ Definition 2.11. A cover Y % X is Galois if p is an isomorphism. ]

Remark 2.12. If Y — X is a connected cover, then Y — X is Galois if and only if Aut(Y]X)
acts transitively on the fibres of Y £ X. This is because the underlying set of Y/ Aut(Y|X) is
the set of Aut(Y|X)-orbits of Y, so P is a bijection if and only if each orbit is the entire fibre.

Moreover, it is enough that the action is transitive on just one fibre. This is because
Y/ Aut(Y|X) — X is a connected cover of X (see the proposition below), and in a connected
cover all fibres have the same cardinality.

( N\

Theorem 2.13 (Galois Theory for Covers). Let Y — X be a Galois cover with group
G = Aut(Y]X).
If H < G is a subgroup, then Y/H — X is a connected cover lying between Y and X.
Conversely, if Y J Zisa morphism between connected covers of X, then f is itself a
Galois cover and Z 2 Y/H with H = Aut(Y|Z). In this correspondence, normal subgroups
H < Aut(Y|X) induce Galois covers Z — X with

Aut(Z|X) = Aut(Y|X)/H.

Let us fix p: Y — X to be a Galois cover. We divide the proof of the theorem into multiple
steps.

[ Proposition 2.14. If H < Aut(Y|X) is a subgroup, then Y/H — X is a cover. ]

Proof. We have the following factorization factorization of p:
Y - Y/H 2L X,

where py is continuous and surjective. Since Y — X is a cover, over sufficiently small V C X
we have
p (V)= V xI
for some discrete set I, and thus
py (V) =V x (I/H),

which shows that py is a cover. O

( A
Proposition 2.15. Suppose we have a map of spaces over X:

y — b .z
P
N
X

where Z — X is a connected cover. Then, Y — Z is a Galois cover.
G J
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Lemma 2.16. If Y 25 Z 22 X are all connected such that Y & X and Z — X are
covers, then Y — Z is a cover.

Proof. For every z in Z, set x := po(z) and pick a connected open neighborhood V of z such

that
(V)= | U
iel
and
71 [a¥)
p' V)=V
jeJ
Then, for every ¢ there exists j such that py (U;) = V;: indeed, py (U;) is a connected subset
which maps homeomorphically to V' via ps.

Finally, we need to show that py is surjective. Since Z is connected and py (V) is open, it
suffices to show that its complement in Z is also closed. If z is a point outside the image and
V is a trivializing neighborhood of p(z) as above, then the connected component of p; ' (V)
containing z is disjoint from the image of py, otherwise it would be contained in it (by the same
argument as before), which is a contradiction. O

Proof of Proposition. By the Lemma, Y — Z is a cover. If H = Aut(Y'|Z), we need to show that
H acts transitively on the fibres of py. Pick z in Z and let y1,y2 be two points in p{,l(z) cY.
Then, there exists some ¢ in Aut(Y|X) such that ¢(y1) = y2 because Y — X is Galois. Then,
¢ descends to an automorphism of Z if and only if ¢ lies in H, and

peH <= {yeY:py(y) =pv(e(y)} =Y,

which is true by Lemma 2.8 applied to py and py o . O

( 1\
Corollary 2.17. The assignments H — Y/H and Z — Aut(Y|Z) induce an inclusion-
reversing bijection

Y ——MM 7
{ subgroups H < Aut(Y|X) } «— connected covers \ /
X

( A
Proposition 2.18. In the above correspondence, the cover Z — X is Galois if and the
subgroup H < Aut(Y|X) is normal, and in this case

Aut(Z|X) =2 Awt(Y|X)/H.

Proof. If H is normal in G := Aut(Y|X), then £ acts on ¥ and

(37)/ (5) =vio=x
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So, Y/H — X is Galois with group G/H. Suppose now that Z — X is Galois. We first show
that if ¢ € Aut(Y|X), then it induces an automorphism of Aut(Z|X). Indeed, take y € Y
consider the diagram

Then, = = (p2 o py)(y) € X and py (), py (9(y)) € py *(x). Since Z — X is Galois, there exists
a unique ¥ € Aut(Z|X) such that ¥(py(y)) = py(¢(y)) and we claim that this ¢ makes the
diagram commute, i.e. 1 o py = py o ¢. However, the two maps agree on y and thus coincide on
all of Y by Lemma 2.8. The assignment ¢ — 1 then induces a homomorphism

p: Aut(Y|X) - Aut(Z|X)

with kernel Aut(Y'|Z), which is thus normal in Aut(Y]X). O

2.2 Monodromy and the Universal Cover
Suppose now X is locally path-connected.

Notation. For z € X, we denote by m1 (X, z) the fundamental group of X, that is the group
of homotopy classes of loops based at x, where the group operation is given by concatenation of
loops with the convention that if f, g are loops then f e g is given by first going along
¢ and then along f. We denote by I the unit interval [0, 1].

The following lemma is a standard result from the theory of of covers.

( A
Lemma 2.19. If Y — X is a cover and f : I — X represents an element o € 7 (X, ). If
we take y in p~!(z), then f has a unique lifting f : I — Y such that f(0) = y. Moreover, if
f1 1s another representative of «, then

( N\
Definition 2.20 (Monodromy action). There is a left action of 71 (X, z) on p~!(z) given

a-y = f(1),

where f is any representative of o € m1(X,z) and f is the unique lifting of f such that

f(0)=y.

(. J

Fix a base point x in X. We define a functor

Fib,: {covers of X} — {sets with a left w1 (X, z)-action}
(¥ & X) s p(2),

17



where the fibre p~!(x) above the base point is equipped with the monodromy action. To a
morphism f:Y — Z of covers we associate the restriction f|p;1(x) : p;l(x) — p}l(x), which is
compatible with the action of 1 (X, 2). The main result of this section is the following:

( N\
Theorem 2.21. Let X be a connected and locally simply connected space, and take x in
X. Then, the functor Fib, induces an equivalence of categories

{ covers of X } +— { left m (X, z)-sets }

where connected covers correspond to transitive 7y (X, z)-sets. Moreover, Galois covers cor-

respond to coset spaces of normal subgroups of m (X, ).
(. J

( A
Definition 2.22. Let C be a category and let F': C — Sets be a functor. Then, F is
representable if there exists an object A € C such that

F= HOch(A, 7)

as functors.
\\ J

Note. Whenever it exists, such a representing object A is unique up to unique isomorphism.

Proposition 2.23. In the situation of the above theorem, the functor Fib, is representable
by a cover X, — X, called the universal cover of X at .

Remark 2.24. In particular, representability tells us that Hom()?m,f(w) =~ 7-1(z), so there
is some element Z in X, which corresponds to id . and this “universal element” identifies a

distinguished lift of = in any other cover Y — X via the unique morphism X, > Y.

Proof. We first prove that Fib,, is representable by such a cover )?w — X as a functor
Fib, : {spaces over X} — {sets},
ignoring the monodromy action. We construct the cover X, as follows: as a set, it is given by
X, = {homotopy classes of paths I ER X, f(0) ==z}

with the map 7: X, > X given by evaluating a path at 1.

For the topology, pick any § € X, represented by a path f: I — X and set x = f(0),y = f(1).
We then pick a simply connected open neighborhood U of y in X, and define a basis of open
neighborhoods U, of j as the “continuations” of f to points inside U: since U is simply connected,
the continuation only depends on the endpoint in U. This is a basis of open neighborhoods
because if U, and V,, are two such neighborhoods, then there exists a simply connected W C UNV

containing y, and W, C U, N'V},.
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This topology makes 7 continuous, and moreover 7 is a cover: indeed, for Z € ﬁy we have
U, = U,and if §,9" € 7~ (y) are distinct then U, # U, and thus U, N U, = 0. Therefore,

7T_1(U )= |_| ﬁu
ger—(y)
Note. The “universal element” & € 7—1(x) is represented by the constant path I — {x}.

Finally, we need to show that X’I represents Fib,, that is given a cover Y 2 X we have a
functorial bijection

y€p ) LN Ty € Homy (X,,Y)
Pick y € p~(z) and # € X, represented by a path I % X with g(0) = z and g(1) = =(&).
Then, g has a unique lifting §: I — Y such that §(0) = y, and we define
7y (@) = §(1).

It’s easy to check that m, is continuous and that p o m, = m. The inverse is given by evaluating
at the universal element Z, and functoriality is straightforward. O

Remark 2.25. Consider now an automorphism ¢ € Aut(X,|X). Given a cover ¥ 5 X,

precomposition by ¢ gives a bijection of Homy (X,,Y) with itself and thus also a bijection of
Fib,(Y):

Homy (X,,Y) —— Fib,(Y)
I s
Homy (X,,Y) —— Fib,(Y)

Therefore, the left action of Aut(X,|X) on X, induces a right action on Fib,(Y) 2 Hom(X,,Y).
However, we can turn it into a left action with the following trick:

( N\
Definition 2.26. If G is a group, the opposite group G°P is the group with the same
underlying set as G, and with multiplication given by

(g:h) = h-g.

Moreover, every right action of G on a set S corresponds to a left action of G°P on S via

g s+ 5s-g.

( A
Proposition 2.27. X, is a Galois cover of X , and there is a canonical isomorphism of
groups _

Aut(X,|X) =2 m (X, z)°P.

In this way, the action of Aut(X,|X) on Fib,(Y) described above corresponds to the mon-
odromy action of 71(X,z). This will follow from the construction of the isomorphism given
below.
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[ Lemma 2.28. The space X, is path-connected. ]

Proof. We prove that the universal element Z can be connected to every other &’ € X’x Suppose

7' is represented by a path I EN'e , and consider the composition with the multiplication map

IxI—X
(s,8) = f(st).

For every fixed s, we get a map fs: I — X such that fj is the constant path at x and f; = f.
One then checks that

s = [fs]

is a continuous map from I to )N(w, and so it defines a path joining Z to Z’ which is the unique
lifting of f to X,. O

Lemma 2.29. If X is simply connected and locally path-connected, every cover Y 2 X is
trivial.

Proof. Assume without loss of generality that Y is connected. Then, by assumption it must also
be path-connected. Pick yg,y1 € Y and suppose that x = p(yo) = p(y1). We want to show

that yo = y1. Since Y is path-connected, there exists a path I 5 ¥ such that f(O) = yo and
f(l) =y1. Then, f=po f is a closed path in X around x, but X is simply connected and so f
is homotopic to the constant path I % {z}. The unique lifting ¢ of ¢ such that ¢(0) = yo is the
constant path at yo, so by uniqueness of the lifting we get y; = f(1) = ¢(1) = yo. O

Corollary 2.30. Let X be a locally simply connected space. If Y 2 X is a cover of X and
Z LY is a cover of Y, then gop: Z — X is a cover of X.

Proof. If U is a simply connected neighborhood of X, then p~1(U) is a disjoint union of simply
connected open sets U; homeomorphic to U, but then ¢~1(U;) is a disjoint union of open sets
homeomorphic to U; (by the above lemma, as Uj; is simply connected), and thus gop is a cover. [

Proof of Proposition 2.27. We want to show that X, — X is a Galois cover. By Lemma 2.28,
we know it is connected, so we only need to show that Aut(X,|X) acts transitively on one fibre,
namely on 7—1(x). Pick § € 7—!(z) which corresponds by representability to a morphism of
COVErs Tyt X, — X, with 7m5(%) = §. We claim that 75 is an automorphism of covers. We have
already seen (Lemma 2.30) that 7, is a connected cover, in particular it is surjective. Take some
zemy 1(5&) Again, by representability it gives a morphism of covers 7s: )?m — )~(I such that
7z(Z) = Z. In particular, w5 o mz(Z) = Z, so Lemma 2.8 implies

Ty O Tz :ld)?z,

but since these are surjective maps this shows injectivity of 73, which concludes.

20



We now move on to the isomorphism between 71 (X, 2)°P and Aut(X,|X). Recall that there
is a right action of 7 (X, z) on X,. If i € X, is represented by f: I — X with f(0) = x and
a € m1(X,z) is represented by f, such that f,(0) = fo(1) = z, then the corresponding left
action of 71 (X, z)°P on X, is given by concatenation:

a-3 =[fef]
This defines a map
(X, )% = Aut(X,|X)
ars oo = (T — a- 7).

This is a homomorphism, and it is injective because if a # 1 then it moves 2. For surjectivity,
given ¢ € Aut(X,|X) we need to show that it comes from some a € m1(X,z). Consider
i = [f] € X, and its image o(#') = [g]. Here g is a path starting from z and ending at f(1).
Denote by « the class of f~! e g in 7 (X, z). The associated ¢, coincides with ¢ in ', so they
are equal by the usual lemma. O

Propositions 2.23 and 2.27 together imply Theorem 2.21, in the same way as in Grothendieck’s
form of Galois theory (Theorem 1.35).

Remark. In general, consider a category C and a functor F': C — Sets representable by some
object A. Then, there is an isomorphism

Aut(F) = Aut(A)°P,

where Aut(F') is the group of automorphisms of the functor F.
In view of the above fact, we can define the fundamental group of any topological space X as

71 (X, z) = Aut(Fib,).

Complements.
e The universal cover )?w is simply connected. There are at least 2 ways to see this:

1. directly, from the explicit construction of )~($;

2. showing that the cover )~(x d, )?w represents the fibre functor Fibz on the category
of covers of X, where Z is the universal element.

e If we pick some 2’ € X and choose a path f from 2’ to z, this induces by precomposition a
map X, X z', which is a homeomorphism. This in turn induces an inner automorphism

Aut(X,|X) = Aut(X,|X)
P rtopopy,

and thus an isomorphism 71 (X, 2)°? — 1 (X, 2')°P. One checks that this coincides with
the usual isomorphism between fundamental groups based at different points, in particular
it depends on the choice of the path f.
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2.3 Finite covers

[ Definition 2.31. A cover Y — X is finite if all of its fibres are finite. ]

Let X be a connected and locally simply connected space, and fix a base point x in X. By

considering the profinite completion 71 (X, z) of 71 (X, z), we get an analogue of Theorem 2.21
for finite covers:

Corollary 2.32. The functor Fib, induces an equivalence of categories

{finite covers of X} +— {finite continuous left wm)—sets}.

Proof. ' Y — X is a finite cover, then 7 (X, z) acts on Fib,(Y) via a finite quotient, and so

=

m1 (X, z) acts on Fib,(Y) as well. The stabilizer of any point y in Fib,(Y") has finite index in
71 (X, x), so it contains a normal subgroup V of finite index. But then, 71 (X, z)/V is one of the
finite quotients of m; (X x), and if we take V to be the open subgroup keI'(T(IX\CE) - m((X,z)/V)
then the stabilizer of y in 771(X x) is a unlc&(i finitely many cosets of V and is thus open.

Conversely, if S is a finite continuous 71 (X, x)-set, then it becomes a finite 71 (X, z)-set via
the natural map

—

m (X, z) = m (X, ),
and therefore gives a finite cover. O

From now on, let X be a locally connected space. We start by recalling some facts about
finite covers.

Remark 2.33. If Y & X and Z % Y are finite covers, then the finitness allows us to deduce
that the composite ¢ o p: Z — X is always a finite cover (compare with Corollary 2.30). The
verification is an easy exercise.

( )

Definition 2.34. If Vi 25 X and Y5 22 X are two spaces over X, their fibre product is
the space

Y1 xx Yo i={(y1,y2) € Y1 x Ya: p1(y1) = p2(v2)}

which comes with natural projections fitting into the commutative diagram

Vi xxYs —2- Ys

[

y, — 2 X

Remark 2.35. If Y1 — X is a cover, then the projection ¢2: Y7 xx Y5 — Y5 is also a cover.
(Proof easy.)
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( )

Corollary 2.36.

1. IfY; 25 X and Yy 22 X are finite covers, then the fibre product ¥; xx Y5 — X is a
finite cover as well.

2. If Y1 — X and Y5 — X are finite connected covers, then there exists a finite connected
cover Z — X making the following diagram commute:

SN
N

X

(it’s enough to take a connected component of Y3 x x Y5 — X.)
(. J

Remark 2.37. Let Y — X be a finite cover. Then, the diagonal
AY)={(y,y) €Y xx Y} CY xx Y

is open and closed. Indeed, if (y,y) € A(Y), then there exists a small enough open neighborhood
U of y such that U x U C A(Y), so A(Y)) is open. Moreover, if (y1,y2) € (Y xx Y) with 31 # ya,
then there exists a neighborhood U of p(y1) = p(y2) such that p~*(U) = ||, U; and y; € U;
and y, € U; for some i # j. But then, (U; x Us) NA(Y) =0, so A(Y) is also closed.

( A
Proposition 2.38. If Y — X is a finite connected cover, then there exists a finite Galois
cover P — X which factors through Y, that is

P\—/Y

Proof (Serre). Fix x € X and let p~'(x) = {y1,...,yn}. The n-fold fibre product
yn" ZZYXXyXX'”X)(Y

is a finite cover of X by a previous corollary. Now fix ¥ = (y1,...,y») € Y™ and let P be the
connected component of . Define a map P — Y by restriction of the first projection Y — Y
to P; its composition with p is the restriction of the natural map Y™ — X to P.

We claim that P — X is Galois. First observe that every point of 77!(z) is of the form

(Yo(1)s -+ Yo(n))

for some o € S,,: indeed, suppose there is an element of the form (y,y,x,...,%*) € 7~ (), and
denote by p12: Y™ — Y x xY the projection to the first 2 components. Then, 7! (x)ﬂple (A(Y))
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is nonempty, but p, (A(Y)) is open and closed in Y™ by the above remark and PNpp, (A(Y)) #
0, so P C pry (A(Y)) which is a contradiction, because 7 € P. This shows that the first two
entries in an element of 77!(x) must be different, and a similar argument works for any two
entries.

Therefore, suppose that 7, = (Yo(1),- -+ Yo(n)) € 7~ 1(z), and make o act on Y" by permu-
tation of the factors. Then, ¢, is an automorphism of Y™ over X, and

0o (Y) =¥y = @o(P)NP #0,
80 ¢, (P) = P because P is a connected component. This shows that S, acts on P and transitively
on 7 Y(z), so P — X is Galois. O
Construction 2.39 (Grothendieck). Fix a space (X, z) with a basepoint, and consider the set
{(Pa,pa) | Pa ™% X is a finite Galois cover with a fixed element p,, € 7 (z)}.

This has a partial order given by (Pa,pa) < (Ps,pg) if and only if there exists a morphism of
covers pqag: Pg — P, which sends p, to pg.

Note. If (Py,pa) < (Ps,pg), then the map ¢,s is unique.

This is a directed poset: indeed, by Corollary 2.36 (2), given (P,,p,) and (Pg,pg) there is
a finite connected cover Z which dominates both, and by the previous proposition there exists
a finite Galois cover P, which dominates Z, and thus also P, and Pg. Since P, is Galois, by
composing with suitable automorphisms we can arrange that p, is mapped to p, and pg.

At this point, we can define )236 as the inverse limit
X, = @Pa,

which comes with a natural map X, = X and a universal element p, == (pa)a € 7 1(z).

( A
Definition 2.40. Let (A, <) be a directed poset. A direct system of sets indexed by A is
given by sets S, for every @ € A and transition maps pag: So — Sg for every o < 8 such
that Yoo = ids, and gy © Yag = Yoy for every a < 8 < . The direct limit of such a

system is the set
ligSa = |_| Se/ ~,
a€cA
where ~ is the equivalence relation defined by s, ~ sg if and only if there exists v > a, 8
such that ¢ay(sa) = ©y(58)-

(. J

Let now Y — X be a finite cover. Then, since (P,), is an inverse system, the sets
Homy (P,,Y) form a direct system, and we can define the direct limit

Hom?™(X,., ') i= liny Homy (Pa, ).

Theorem 2.41. For every finite cover Y £ X there is a canonical bijection
p(z) LN HomP™(X,,Y)

which is functorial in Y.
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Proof. If ¢: X, --» Y is an element in HomP™®(X,,Y) then ¢(p,) = y € Y lies in the fiber
p~1(x). Indeed, ¢ is represented by some morphism of covers P, — Y sending p,, to y, and since
Pa € T, (z) we have y € p~1(z).

Conversely, assume that Y — X is connected and take some y € p~!(z). Then, by corre-
spondence there exists a finite Galois cover P, — X dominating Y which sends p, to y. By
construction, this defines an element ¢, in Hom"°(X,,Y’) such that ¢, (p.) = y. O

( )

Definition 2.42. If Y & X is a finite cover, the profinite group

(X, z) = l'LnAut(Pa|X)°p

finite

acts functorially on each finite cover and thus on )?:,3, so it acts on p~!(z) via Theorem 2.41.
(. J

In this way, we get an equivalence of categories
{finite covers of X} +— {finite continuous left 7 (X, z)-sets}.

We conclude this section with a recent result by Kucharczyk and Scholze [3] from 2018:

Theorem 2.43. Let K be a field of characteristic 0 containing all roots of unity (i.e.
K D Q(ito0))- Then, there exists a compact Hausdorff space X g such that

Caveat. The space Xk constructed in [3] is not locally connected, so one needs to generalize
the above construction by modifying the proofs of some of the lemmas.

Construction 2.44. Put the discrete topology on FX, and consider its Pontryagin dual

X

(K™)Y == Homeons (K, S1).

This is naturally endowed with the compact-open topology, whose sub-basis is given by sets of
the form
—X
V(K. U)={x: K~ — S'|x(K)cU}

with K compact and U open. Similarly, we define
X = (K" /p10)”
which comes with a natural left action of Gx = Gal(K|K):
o x(x) = x(o"(2)).
Finally, the desired space is obtained as the quotient of X by this action:
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2.4 Sheaf theory

Let X be a topological space, and consider the category Cx whose objects are nonempty open
subsets U C X whose morphisms between V and U are
{i: V=U} itV CU,

H V,U) =
ome, ( ) {@ otherwise.

( A
Definition 2.45. A presheaf of sets on X is a contravariant functor

F: Cx — Sets.
(similarly, one defines presheaves of groups, modules, etc. by landing in the appropriate

category.)

(. J

Concretely, a presheaf assigns to every open U C X a set F(U), and to each inclusion V C U
a map F(U) — F(V) often called the restriction map. The following example shows why.

Example 2.46. A basic example to keep in mind is the presheaf of continuous functions
U+ C°(U,R),

with the usual restriction of functions.

( )

Definition 2.47. A presheaf F is a sheaf if

e for every open covering {U;: i € I} of U and for every f,g € F(U) such that f
for all ¢ € I, then f = g, and

U; = 9|u;

e for every open covering {U;: i € I} of U and for every family of elements f; € F(U;)
such that fi|v,nv; = fjlu,nu; for all 4,5 € I, there exists some f € F(U) such that
flu, = fi for all i € I.

We can state the above definition more concisely via the exactness of the following sequence
of sets:

FU) = [lie; FU) 3 M gyer2 FUNT)

el —_
[ (flv.)ier ——— (flvinv,)ig)er?
Example 2.48.

e If X is a smooth (resp. complex) manifold, sending an open U C X to all C*° functions
from U — R (resp. holomorphic functions U — C) defines a sheaf.

e If X and A are topological spaces, there is a sheaf
F(U) = {continuous functions U — A}.

In the special case where A is discrete, this is the constant sheaf with values in A (note
that for U C X connected F(U) = A).
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Remark 2.49. The collection of (pre)sheaves on X forms a category: a morphism F %> G
between (pre)sheaves is a morphism of functors Cx — Sets. Concretely, it assigns to each
nonempty open set a function

F(U) 2% G(U)

such that for V' C U the diagram
FU) % 6(U)

| |

FV) 25 G(v)

commutes, where the vertical maps are the restriction maps. An isomorphism of sheaves is given
by an isomorphism of functors.

Definition 2.50. A sheaf F is locally constant if there exists an open covering {U;: i € I'}
such that for all 7 the sheaf F|y, is isomorphic to a constant sheaf in the category of sheaves
on Uj;.

Construction 2.51. Let Y £ X be a space over X. A section of p over an open subset U C X
is a continuous map s: U — Y such that po s =idy:

y 2o X
U
Define a presheaf Fy on X by

Fy (U) := {sections U — Y of p over U},

with the natural restriction maps Fy (U) — Fy (V) for V' C U; note that this is in fact a sheaf,
as sections can be glued together.
Assume from now on that X is locally connected.

Lemma 2.52. If Y 2 X is a cover, then Fy is a locally constant sheaf of sets, and when
X is connected it is constant if and only if YV is a trivial cover.

Proof. If U C X is a connected open such that p~}(U) =2 U x F for some discrete set F and
s: U — Y is a section, then s(U) C Y is a connected open which is homeomorphic to U via p.
Therefore, s(U) is of the form U x {f} for some f € F, and so sections over U correspond to
elements of F'. O

We now describe a correspondence between sheaves and certain spaces over X.

Construction 2.53. Let F be a presheaf (of sets) on X. We want to construct a space Xz
over X.
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( )

Definition 2.54. The stalk of F at a point z € X is the set

Fp = lim F(U),

Usz

where the limit is taken over all open neighborhoods of = ordered by reverse inclusion: U < V
if and only if V' C U. Explicitly, an element of F, is represented by some f € F(U), with
two elements f; € F(Uy) and fo € F(Us) equivalent if there exists some open V. C Uy N Uy
with fi|lv = falv.

We define a space over X by
Xr= || Fe

together with the projection map pr: Xr — X sending F, to z. To define a topology on Xz,
consider U C X and associate to an element s € F(U) the map

Z'SI U—>X]:
x — image of s in F,.

Then, we endow X  with the coarsest topology in which i4(U) is open for all open subsets U C X
and s € F(U); one checks that pr is continuous for this topology.

Note. If F is locally constant, then pr is a cover. This is because on a connected open U where
F is the constant sheaf given by a set F', we have F, = F for all x € U, and so

pF(U)=U x F.
Note. If 7 — G is a morphism of presheaves, then there is an induced map of spaces over X
Xr— Xg,
as for x € X there is an induced map F, — G, on stalks, and one checks that it is continuous.

Therefore, we have constructed a functor F +— Xr from the category of presheaves (of sets)
on X to the category of spaces over X.

( A
Theorem 2.55. The functor F — X r restricts to an equivalence of categories

{ sheaves F on X } «— { spaces Y & X over X: p is a local homeomorphism},
with quasi-inverse Y — Fy. Moreover, this equivalence induces a correspondence

{ locally constant sheaves on X } <— { covers of X }.

Proof. We only deal with the case of locally constant sheaves, which is the one we will be
interested in. Let F be a locally constant sheaf on X, and consider the locally constant sheaf
Fx,. We define a morphism of sheaves 7 — Fx, on some open U C X by sending s € F(U)
to the section i5: U — X .
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Conversely, let Y 2, X be a cover, and consider the space X Fy- This comes with the
projection map Xz, PP, X, We define a map Y — Xz, on each fibre F := p~1(x) as the
identity, since p}}/ () = (Fy)s & F because Y — X is a cover.

We have to check that 7 — Fx, and Y — Xz are functorial isomorphisms: it’s enough to
check this over elements of an open covering of X, and moreover we can take an open covering
by connected opens on which F is constant (respectively, Y — X is trivial). But then, if F is
the constant sheaf with value F', by Lemma 2.52 Y = X x F, and we are done. O]

Combining this with Theorem 2.21, we get the following result:

Theorem 2.56. Let X be a connected and locally simply connected space, and fix a point
x € X. The functor F — F, induces an equivalence of categories

{locally constant sheaves on X} <— {left 71 (X, x)-sets}.

Remark 2.57. Sheaves were invented by the French mathematician Jean Leray. He in fact
defined them via the spaces X constructed above. Today X is usually called the espace étalé
associated with the sheaf 7. Note that if we take a presheaf F which is not a sheaf, then we can
associate to it the sheaf Fx ., which is called the sheafification of F. It comes with a morphism
of presheaves F — Fx, defined as above which is universal for presheaf morphisms of F in
sheaves.

Recall that for a commutative ring R and a group G, the group algebra R[G] is the free
R-module with basis G, with multiplication induced by the group law on G.

Corollary 2.58. The rule F — F, induces an equivalence of categories

{ locally constant sheaves of R-modules on X } <— { left R[m (X, z)]-modules }.

Proof. If F is a locally constant sheaf of R-modules on X, then F,, is an R-module endowed (as
a set) with an action of m1(X,z). Since the addition on F(U) is induced by the morphism of
sheaves F x F — F given on U C X by

FU)x F(U) = FU)
(s,t) — s+,

the induced map F, x F, — F, on stalks is also (sg,t;) — (s + t),, which is a morphism of
m1 (X, x)-sets by functoriality. The same goes for scalar multiplication by r» € R, so we get an
R[m1(X, z)]-module structure on F,. O

Definition 2.59. A complex local system is a locally constant sheaf of finite-dimensional
C-vector spaces.

With this definition in hand, we deduce the following special case of the previous corollary:
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Corollary 2.60. There is a correspondence

{complex local systems on X} <> {finite-dimensional complex representations of m (X, z)}

Example 2.61. Let D C C be a connected open set, and consider a homogeneous nth-order
linear differential equation

y(n) + anfly(n_l) + .+ aly/ + apy = 0 (21)

with the a; holomorphic functions on D. Let U C D be an open set. Local holomorphic solutions
of (2.1) on U form a C-vector space S(U), and by a famous theorem of Cauchy for sufficiently
small U this is an n-dimensional space. Moreover, restricting elements of a basis to V C U still
gives a basis, so the S(U) form an n-dimensional local system. Moreover, it is a subsheaf of the
sheaf O of holomorphic functions on D.

If we fix a base point x € D, we can consider the monodromy representation

m1(D,x) = GL,(C)

associated with S via the above equivalence of categories. Concretely, it is given as follows. Take

a loop 7 € m1 (D, x) which is represented by a closed path I L D with f(0) = f(1) = . To the
sheaf &, we have associated a cover Xs — D, and if we fix an element s € S, (i.e. a germ of a
solution at z), it corresponds to a point of X5 in the fibre above = that we denote in the same
way. Now there exists a unique lifting f: I — Xs of f with f(0) = s and the monodromy action
is given by v-s = f(1) € S,. This is the analytic continuation of the local solution s along the
path . It exists and is unique (and depends only on the homotopy class of the path) because
we are working with a locally constant sheaf of holomorphic functions. This is the origin of the

theory of the fundamental group developed by Poincaré.

Example 2.62. Let us consider the simplest nontrivial case. The punctured unit disk

D ={[z| <13\ {0},

has fundamental group isomorphic to Z. For any holomorphic function f on D which extends

meromorphically to 0 (e.g. f = %), consider the differential equation

Y = fy. (2.2)
We want to compute its monodromy representation
Z— GL(C)=C*, 1—m

and we know that over simply connected open subsets solutions of (2.2) are of the form expoF,
where F' is a primitive of f which is determined up to translation by a constant. If we denote
by U, and U_ the simply connected open subsets of D given by

U+:D\(O7Z)7 U—:D\(O7_Z)7
whose intersection is

UyNU_=CyUC_={z€D|R(z) >0}u{ze D|R(z) <0},
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we can pick primitives F, and F_ of f on U, and U_ respectively such that they agree on C_.
This way, we can switch from F_ to F as we go along a counterclockwise loop « in D, and the
monodromy is given by

_ exp(F_(2))

= (o) =exp(F_(v) - F_(—x)+ Fi(—x) — Fy(x)) = exp </ f) = exp(27i Reso(f)).

For f = %, this residue is 1 and the monodromy is just 2.

Example 2.63. Let f: X — Y be a smooth map between smooth manifolds X and Y, and let
A be a constant sheaf on X associated with a ring A (e.g. A = C). We define a sheaf R'f,A on
Y as the sheafification of the presheaf

U H'(fH(U),A),

so that the stalks are (R'f,A), = H'(f~'(y), A). Assume now that f is proper (i.e. the inverse
image of compact sets is compact), and that f is a submersion (i.e. its differential is surjective).
Under these assumptions, R‘f,A is a locally constant sheaf of finitely generated A-modules.
So, for A = C we get a complex local system. This is a consequence of Ehresmann’s fibration
theorem from differential topology, which asserts that f is a locally trivial fibration.

3 Riemann Surfaces
Let X be an Hausdorff topological space. A (1-dimensional) complez atlas on X is the datum of
e an open covering Y = {U;: i € I} of X
e for each ¢ € I a map (called chart)
fi:U; = C
which is a homeomorphism onto its image, such that
e for every i,j € I the transition map
fio £t [{(UNU;) = fi(UiNUy)
is holomorphic.

Two such atlases are equivalent if their union is still an atlas.

Definition 3.1. a Riemann surface is an Hausdorff topological space X together with an
equivalence class of complex atlases.

Example 3.2.

1. If U C C is an open subset, then U with is a Riemann surface by taking the atlas with
only one chart (U,idy).
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2. The Riemann sphere P&, which as a topological space is just S?, is a Riemann surface with
the atlas given by the stereographic projection:

1
z

S%\ {0} & C and S?\ {0} = C.

3. Take a smooth affine plane curve X = {(z,y) € C? | f(z,y) = 0}, where f € Clx,y] is
such that for all P € X one of J,f(P),0,f(P) does not vanish. Without loss of gener-
ality, suppose that 9, f(P) # 0. Then, by the holomorphic inverse function theorem the
projection P = (x,y) — y is a local homeomorphism from a neighborhood of P to an open
subset of C, and by the implicit function theorem these form an atlas.

3.1 Holomorphic functions

( A
Definition 3.3. A holomorphic map between Riemann surfaces X and Y is a non-constant
continuous map ¢: X — Y such that on every chart U I, Cof X and V % C of Y such
that ¢(U) C V, the map

gopo fTH: f(U) = g(V)

is holomorphic.
& J

Therefore, Riemann surfaces form a category where the morphisms are holomorphic maps
X =Y.

Example 3.4 (Holomorphic functions). As a special case, if Y = C we say that a holomorphic
map X — C is a holomorphic function on X. The assignment

U +— {holomorphic functions U — C}

where U C X is open defines a sheaf, called the sheaf of holomorphic functions on X.

From now on, we will only consider non-constant holomorphic maps.

Proposition 3.5 (Local structure of holomorphic maps). Let ¢: ¥ — X be a holomorphic
map of Riemann Surfaces, fix some y € Y and consider z = ¢(y) € X. Then, there
exist open neighborhoods U, of « and V,, of y such that ¢(V,) C U, and complex charts
fz: Uz = C,gy: Vy — C with fy(z) = 0 and gy(y) = 0 making the following diagram
commute:

v, 25 C

l«p Jz»—mey

UILC

for some integer e, > 1 which does not depend on the charts chosen.
(. J

Proof. After performing some translations, we can assume that f,(z) = g¢,(y) = 0 and that
feopogy 1'is a holomorphic function in a neighborhood of 0. Therefore, by the Weierstrass
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preparation theorem we can write
feopog,t =2vH(z)

for some holomorphic function H with H(0) # 0. By choosing a branch log of the complex
logarithm in a neighborhood of H(0), we can define

1
h = exp ( logOH> ,
Cy

which is holomorphic in g, (V) and satisfies h®» = H. Therefore, we get the result by composing
gy with z = z - h(z). O

This implies some purely topological properties of holomorphic maps between Riemann sur-
faces:

[ Corollary 3.6. In the above situation, ¢ is an open mapping with discrete fibres. ]

Proof. The map z +— z° is open and being an open mapping is a local property, so ¢ is open.
Moreover, the fibre ¢~!(z) is discrete because in a neighborhood of each y € o~ 1(z), ¢ is
finite-to-one. O

( A
Definition 3.7. The points y € Y where e, # 1 are called branch points of ¢, and the value
ey is called the ramification index (or branching order) of ¢ at y.

(. J

( A
Corollary 3.8. The set S, of branch points of ¢ in Y is a discrete closed subset.

(. J

Proof. By the above proposition, every y € Y has a punctured open neighborhood that contains
no branch points. O

Definition 3.9. A continuous map Y 2 X of topological spaces is proper if for every
compact subset K C X, the inverse image ¢~ !(K) is compact in Y.

From now on, suppose that X and Y are locally compact Hausdorff topological spaces.

[ Lemma 3.10. Proper maps are closed. ]

Proof. Let Z C Y be closed, and pick z € X \ ¢(Z). We need to find an open neighborhood
of x disjoint from ¢(Z). We know that there exists a compact neighborhood V of z such that
V = int(V) is an open neighborhood of z. Since ¢ is proper, ¢~ 1(V) is compact, and so
Z N 1(V) is closed in a compact set, hence compact. Therefore, ©(Z N ¢~(V)) is compact

and thus closed, so V' \ p(¢~1(V) N Z) is open, disjoint from ¢(Z) and contains . O
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Example 3.11 (Examples).

1. If X,Y are Hausdorff with Y compact, than any continuous map Y %5 X is proper.

2. If X,Y are locally compact and ¢: Y — X is a finite cover, then it is proper. Indeed, for
any compact Z C X, choose an open covering U of ¢~1(Z). By refining this covering, we
can assume that ¢ is a trivial cover over every U € U. We can extract a finite covering of
Z out of the ¢(U), whose preimages are a finite cover of p~1(Z).

Proposition 3.12. Let ¢: Y — X be a proper holomorphic map of Riemann surfaces with
X connected and let S, be the set of branch points of ¢. Then, ¢ is surjective with finite
fibres, and its restriction to Y \ ¢! (¢(S,)) is a finite topological cover of X \ ¢(S,).

Proof. Since ¢ is proper, its fibres are compact and discrete, hence finite. Morover, ¢(Y) C X
is open by Corollary 3.6 and closed by the previous Lemma, so by connectedness of X we have
©(Y) = X. The fact that it is a cover follows from the local structure of holomorphic maps and
the fact that

z—2°: C\ {0} = C\ {0}

is a finite cover. O

Notation. Let X be a connected Riemann surface and S C X a discrete closed subset. We
denote by Holx s the category whose objects are proper holomorphic maps Y’ %5 X of Riemann
surfaces such that ¢(S,) C S, and whose morphisms are holomorphic maps over X.

( )

Theorem 3.13. The functor
Y = X)— (Y \ o (5) = X\ S)
induces an equivalence of categories

Holy g <— { finite covers of X \ S }.

( N\
Lemma 3.14. Let X be a connected Riemann surface and Y 2 X a connected cover.

Then, there exists a unique complex structure on Y such that p is holomorphic.
(. J

Proof. In particular, p is a local homeomorphism, so every y € Y has an open neighborhood V'
such that p|y is a homeomorphism onto its image U = p(V'). If U’ — C is a complex chart with
U’ C U and p(y) € U’, we can define a complex chart on y by

fop:p N (U)NV = C.
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Proof of Theorem 3.15. We start with essential surjectivity. Set X’ := X \ S and consider a

finite cover Y’/ % X’. By the previous lemma, Y’ carries a complex structure. If we fix 2 € S,
we can find a complex chart mapping an open neighborhood U, of x homeomorphically onto
D = {|z] < 1} C C. The restriction of ¢’ to ¢'~1(U, \ {z}) is a finite cover with

() MU A{z}) = [ Vi

i€l,
But then, by the structure of covers of the punctured disk on each V! this cover is given by
k
D\ {0} === D\ {0}
for some k. Now, for each i € I, and each z € S fix an “abstract point” 3%, and set
Y=Y U{yl:ze€S,iecl}

We can then extend the map ¢’ to a map ¥ 2 X by

p:Y - X
/ 'f Y/
yﬁ{w(y) ifyey,
T ity =y..

Finally, define complex charts on Y via the atlas on Y’ together with the charts obtained by
extending the isomorphism V! — U, \ {#} — D\ {0} to V! Uy — D by sending y to 0. One
checks that this gives a complex structure on Y (and thus a topology) making ¢ holomorphic.
Moreover, ¢ is proper because compact subsets in X differ from compacts in X’ by finitely many
points, and the same goes for Y. But then, since ¢’ is proper (being a finite cover) ¢ must be as
well.

For full faithfulness, we must show that the association

from morphisms in Holx, s to morphisms of finite covers of X’ is bijective. We already know that
the map Y/ — Z’ is a cover, and that Y’ carries a complex structure making it holomorphic and
which is compatible with the one on Y by construction. We can then extend Y’/ — Z’ to the
points in Y \ Y’ by a similar argument as before. O

Definition 3.15. If Y % X is a proper surjective map of locally compact Hausdorff spaces
which restricts to a finite cover Y/ — X’ = X \ S with S C X discrete closed, we call ¢ a
finite branched cover. We say that ¢ is a Galois branched cover if Y/ — X' is Galois.
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( A
Proposition 3.16. Let ¢: Y — X be a proper holomorphic map of connected Riemann
surfaces that is topologically a Galois branched cover. Then:

1. the automorphism group Aut(Y) acts transitively on all fibres of ¢;

2. If y € Y is a branch point with ramification index e,, then all points in the fibre
¢ !(p(y)) are branch points with ramification index e,, and the stabilizers of these
points in Aut(Y|X) are cyclic of order e,.

Proof. Point 1. follows by continuity of automorphisms, since we know that Aut(Y|X) acts
transitively on all fibres that do not contain branch points.

For the second statement, note that an automorphism fixing some point y also stabilizes a
small neighborhood around it, where by the local structure of holomorphic maps ¢ becomes
z + z%, for which we know the statement. O

3.2 Meromorphic functions and field theory

Definition 3.17. Let X be a Riemann surface. A meromorphic function on X is a holo-
morphic map f: X \ S — C for some discrete closed subset S C X, such that on all charts

U % C the composition f o ¢~! gives a meromorphic function on (') — C.

Meromorphic functions on X form a ring M(X).

[ Lemma 3.18. When X is connected, M(X) is a field. ]

Proof. Let f € M(X) be nonzero. We have to prove that the zeros of f form a discrete subset,

from which it follows that % is meromorphic. Suppose not; then the zeros of f have some limit

point z. Composing with a chart U %5 C such that z € U, we get a meromorphic function
©(U) — C whose zeros have a limit point, but then the identity theorem implies that f is
identically 0. If we call A the set of those x € X such that f is identically 0 in a neighborhood
of z, then A is open by definition and closed by the above argument, and since X is connected
we conclude A = X, which contradicts the assumption that f # 0. O

Question: Are there non-constant meromorphic functions on a Riemann surface X7

Fact 3.19 (Riemann existence theorem). If X is a compact connected Riemann surface
and x1,2x2 € X are distinct points, then there exists a meromorphic function on X which is
holomorphic at 1 and x5 such that f(x1) # f(x2).

Corollary 3.20. Let X be a compact connected Riemann surface, and consider x1, ..., x, €
X distinct points. If ay,...,a, € C are arbitrary complex numbers, then there exists
a meromorphic function f on X which is holomorphic at all z; with f(z;) = a; for all
1=1,...,n.
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Proof. It is enough to prove that that given z1, ..., z, there exists f; € M(X) such that f;(z;) =
di;, for then we can take linear combinations. The case n = 2 follows from the Riemann existence
theorem. The general case is then an easy induction. O

Let now ¥ % X be a (proper) holomorphic map of Riemann surfaces. It induces a ring
homomorphism

M(X) L5 M(Y)
fr=foep.

Suppose now that X, Y are compact Riemann surfaces with X connected.

[ Proposition 3.21. In this case, M(Y) is a finite étale M (X)-algebra via p*. ]

Proof. If Y is non connected, then Y = | | | ¥; with Y; compact connected Riemann surfaces,
and so M(Y) =[], M(Y;) is a finite product of fields. Therefore, it’s enough to prove that
M(Y) is a finite field extension of M(X) when Y is connected. We actually prove something
stronger, via the following proposition: [

Proposition 3.22. Let ¢: Y — X be a holomorphic map of compact connected Riemann
surface which has degree d as a branched cover. Then, [M(Y) : M(X)] = d.

We need the following lemma;:

Lemma 3.23. In the above situation, any f € M(X) satisfies a (not necessarily irreducible)
polynomial equation F(f) =0 with F' € M(X)[t] of degree d.

Proof of Proposition 3.22. We first show that there exists f € M(Y) which satisfies an equation
F(f) = 0 as in the Lemma with F irreducible of degree d. Let x € X be a point such that
o 1(x) = {y1,...,94} does not contain branch points of p. Then, by the Riemann existence
theorem we can find f € M(Y') such that f(y;) # f(y;) for ¢ # j and f is holomorphic at all y;.
We can consider an irreducible factor F' € M(X)[t] of degree deg F' < d of the polynomial coming
from the Lemma such that F(f) = 0, and we claim that deg(F') = d. Write F' = a,t" + - - - + ao.

Case 1: All the a; € M(X) are holomorphic and not all zero at z. In this case, the complex
polynomial F,: a,(z)t"™ + -+ + ag(xz) € C(t) has d distinct roots, namely the f(y;)’s, and
this is only possible if n = d.

Case 2: In the general case, if one of the a; is not holomorphic in z or 0 in x, we can move = a
little bit in a small neighborhood so that all conditions are satisfied.

We now claim that M(Y) = M(X)(f). Indeed, for the nontrivial inclusion take any g € M(Y)
and consider M(X)(f,g) € M(Y). By the Theorem of the primitive element, there exists
h € M(Y) such that M(X)(f,g9) = M(X)(h). In particular, M(X)(f) € M(X)(h), but
[M(X)(h) : M(X)] < d by the Lemma, and so we have equality. O
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Proof of Lemma (3.23). Take S, to be the set of branch points of ¢, and suppose that @ ¢ ¢(S,,).

Then, x has an open neighborhood U such that ¢~1(U) = |_|‘ii:1 V; with each V; being mapped
biholomorphically onto U. If s; : U — V; is the holomorphic section of ¢ly,, for all i we set
fi=fos € M(U) and

d
[t f) =t*+ agat*" + ... + ao,

i=1

F

where a; € M(U) and F(f|,-1(7)) = 0 by construction. If 21 ¢ (S,) is another point, we repeat
the construction in a neighborhood U; of 21 and get another polynomial Fy € M(Uy)[t] such that
Fi(fle-1(wy)) = 0. On the intersection UNUy, both F and Fy vanish at f|,-1@np,), so they must
be equal. Therefore, we can glue all these polynomials together to get an F' € M(X \ ¢(S,))[t]
such that F(f|,-1(,(s,))) = 0. We need to show that the a; extend to functions in the whole
M(X). Take z € ¢(S,) and consider a chart f,: U, — C with 2 € U, and f.(z) = 0.
Then, f, o ¢ defines a holomorphic function in some neighborhood of each y; € p~1(x) such
that f, o o(y;) = 0. Since f € M(Y), there exists some k > 0 such that (f, o ¢)* - f is
holomorphic at all the y;’s. Composing with s;, we get that every f¥. f; is holomorphic and thus
bounded on U, \ {x}. The same holds for the fX¢.a;’s, since the coefficients a; are symmetric
polynomials in the f;’s. By Riemann’s removable singularity theorem, the functions f*¢ . a,
extend to holomorphic functions on U, and are thus meromorphic functions on X, which implies
that F € M(X)[t]. O

Fix now X to be a compact connected Riemann surface. We can define a contravariant
functor by the rule Y — M(Y), by sending a morphism Y’ ?s Z over X to the induced ring

homomorphism M(Z) £= M(Y).

( A
Theorem 3.24. This functor induces an anti-equivalence of categories

holomorphic maps ¥ — X finite étale
with Y compact M(X)-algebras

In this correspondence Galois branched covers correspond to Galois field extensions of M (X)

of the same degree.
(. J

Example 3.25 (Case X = P§). If we consider the Riemann sphere P&, then M(Pg) = C(t) is
the field of rational functions. By the Riemann Existence Theorem, there exists a non-constant

f € M(Y). Define Y 255 P& by

o Y S PL, g fly) if fis }.1010m0rphic at v,

00 otherwise.
It’s easy to check that this is a holomorphic map (using the charts z — 2z on C and z — % on
P&\ {0}). This ¢y is a proper holomorphic map of compact Riemann surfaces, so by the above
theorem M(Y) is a finite field extension of C(t). Therefore, “all compact Riemann surfaces are
algebraic”.

38



( A
Corollary 3.26. The functor Y — M(Y') induces an anti-equivalence of categories between

compact connected Riemann finitely generated field
surfaces extensions K of C with trdege K =1

Note that the right hand side consists of all finite field extensions of C(t).

(& J

Proof of Theorem 3.24. We start with essential surjectivity: it’s enough to prove that for a
finite extension L|M (X)) there exists a connected compact ¥ — X such that M(Y) = L. Write
L = M(X)(«) for some primitive element « € L, and let F' € M(X)[t] be its minimal polynomial
over M(X) of degree d. Since F' is separable, it and its derivative F’ have no common roots in
a PID, so (F, F’) =1 and thus there exist A, B € M(X)[t] such that

AF + BF' =1.

Notation. If x € X is a point where all the coefficients of F' are holomorphic, we denote by
F,[t] the complex polynomial obtained by evaluating the coefficients of F in x.

Notice that F, and F, can have a common root if and only if the coefficients of A and B
have a pole at z. So, if we define

S := {zeroes and poles of the coefficients of F, A, B} C X

and set X’ := X \ S, then on X’ the coeflicients of F are holomorphic and for x € X’ the
polynomial F} has d distinct roots.
Now, if U C X’ is an open subset, we associate to it the set

F(U) = {holomorphic functions f on U: F(f) = 0},

which defines a presheaf F of sets on X’ with the restriction maps f — f|y for V. C U open.
Notice that F is even a sheaf (since it consists of functions), and we claim that it is a locally
constant sheaf. Indeed, if z € X', we know that F, € CJt] has d distinct roots ay,...,aq.
In particular, F(a;) # 0 for all ¢ = 1,...,d, so by the holomorphic version of the implicit
function theorem there exists a holomorphic function f; defined in a neighborhood of x such that
fi(z) = a; and F(f;) = 0. Therefore, for a small enough connected neighborhood U of = we get
fi,-.., fa € F(U) such that F|y € M(U)[t] factors as Hle(t — fi), because deg F' = d. This
shows that F|y is a constant sheaf of sets given by {f1,..., fa}.

To the sheaf F corresponds a cover X% — X’. It may not be connected, so let Y/,...,Y; be
its connected components. We know that for each Yj’ there exists a diagram

Y Y,

L

X —— X

with the dotted arrow being a holomorphic map between compact Riemann surfaces extending
the cover. If we set Y := |_|;:1 Y;, we need show that » = 1 so that Y is connected. Define a
function f on X% by sending f; € F, to

f(f3) = filp(fi) € C. (3.1)
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By the same argument as in Lemma 3.23, f extends to a meromorphic function on each Y. The
minimal polynomial G of f as a function on Y; has degree d; equal to the degree of the cover
Y] — X'. By construction we have F'(f) = 0, which implies that G divides F' but F is irreducible
and so d = d; which means that » =1 and Y is connected.

For full faithfulness, again it’s enough to check it for connected covers. We fist show that for
Y — X proper holomorphic, after restricting to X’ we have an isomorphism between Y’ — X’
and the cover X’> — X’ constructed above. It’s easier to see that the associated locally constant
sheaves are isomorphic, and if s; is a local section, sending it to f o s; with f as in (3.1) gives
the desired isomorphism. Thus, it suffices to show full faithfulness for the covers of the form
X’ DY as above. By essential surjectivity, it’s enough to consider a diagram of field extensions
of the form

M(X}) M(X})
~.
M(X')

This means that M(X’%) C M(Xg) C M(Y”). By construction, there exists a unique morphism
of covers which fits in the diagram

X » X§

~N oS

X/

inducing the above diagram of field extensions.
Finally we have to show that Galois branched covers correspond to Galois field extensions.
Notice that by full faithfulness

Aut(Y[X) = Aut(M(Y)|M(X)),

and recall that degY = [L : M(X)]. Therefore, both groups have order < d, and equality
holds if and only if the cover (resp. field extension) is Galois and the result follows by counting
orders. O

3.3 The absolute Galois group of C()

Let X be a compact connected Riemann surface. For S C X finite, set X’ := X \ S and fix
an algebraic closure M(X) of M(X). We define Kx- to be the composite, inside M(X), of all
finite subextensions which correspond (by the previous theorem) to Y| X where Y restricts to a
cover over X'

Note. The extension Kx/|M(X) is Galois, because if Kx: D L D M(X) is a finite subextension
and o € Gal(M(X)|M (X)), then o(L) C Kx by construction.

Theorem 3.27. The extension K y/|M(X) is Galois, with Galois group

—

Gal(K x/|M(X)) 2= m (X', z)

for some z € X'.
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Example 3.28 (Case X = P}). Take S = {z1,...2,} and set
X' =P\ S=C\{zy,...7n1}.

Then, we have
m1(X', ) = free group on (n — 1) generators,

and we can also express the fundamental group via the presentation

(T PR Yo =1)

where ~; is the class of a loop going around z;.
Therefore, every finite group which can be generated by n — 1 elements arises as a quotient
of m(Pg\ {z1,..., 2.}, 2).

Corollary 3.29. If G is a finite group, then there exists a finite Galois extension L|C(t) =
M(PE) such that Gal(L|C(t)) = G.

Proof. If G can be generated by n — 1 elements, then G is a quotient of 71 (X', x) with X' =
P&\ {z1,...,2,}, and by the Theorem we have

(X', x) 2 Gal(Kx/ |M(PL)) « Gal(C{)|C(t)).
O

Remark 3.30. The above Corollary actually proves that if a finite group G can be generated
by n—1 elements, then G = Aut(Y|P&) where Y is a branched cover ramified only over n points
T1,..., o, € PE.

Complement. Under the surjection 71 (P&\{z1,...,2,}) — G, the image of each generator ;
generates the stabilizer of a branch point in p~!(z;). The main point is that in some neighborhood
U; of z; the map Y — X becomes isomorphic to the branched cover of the unit disk given by
z + 2. So, locally over Uj it looks like V; \ {y;} — U; \ {z;} and

Aut(V;|U;) 2 Z/e;Z = (v;) /ei (i)

Proof of Theorem 3.27. We first want to understand the composite of two finite subextensions
L1, Ly € M(X') as in the theorem. These correspond to covers Y{ 2% X and Yy 2 X. Recall
that the fibre product Y{ x x Y3 is defined as

Y] xx Yy = {(y1,92) € Y] x Yy: pi(y1) = p2(y2)},

and notice that it can also be characterized by the universal property that for any Z with maps
to Y{ and Yy over X, there exists a unique map making the following diagram commute:

I
o

Y] xx Y] —— Y}

L

y] —2 5 X
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Now, the corresponding universal property for the analogous diagram obtained applying M (—)
to the above diagram is satisfied by the tensor product Ly ® pq(x) L2. If Ly = M(X)[a] and f
is the minimal polynomial of & over M(X), then we have L1Ls = Li(«) and

Ly 2 M(X)[1]/(f) = L1 @m(x) L2 = Ly[t]/(f).

Therefore, if f factors as f = f;--- f, over Ly, we have
L1 @pmx) Le = @ L[]/ (£),
j=1

and Ly Ly will correspond to the factor where f;(a) = 0. In conclusion, to obtain the surface
corresponding to the composite L Lo, we have to extend the connected component of Y{ x x Y3
corresponding to the factor described above to a compact Riemann surface.

Lemma 3.31. If Kx» D K D M(X) is a finite subextension, then K = M(Z) where
Z — X is a compact Riemann surface that restricts to a cover over X'.

Proof. We first find Ly,..., L, as in the definition of Kx/ such that K C L;---L,. By the
previous argument, we get that Ly --- L, = M(Z) with Z restricting to a cover over X’. So,
we have to show that if M(Z) > K D M(X) are finite extensions, then K = M(Z) for some
Z — X restricting to a cover over X’. If d = [K : M(X)] and e = [MZ) : K], we know that
K = M(Z) for some compact Riemann surface Z — X. If we fix z € X', x has d - e preimages
in Z and Z1, ..., %2r preimages in Z with r < d. Moreover, each z; has < e preimages in Z. By
counting, we must have equality everywhere, and we are done. O

Finally, let G be a finite quotient of 7 (X', z). We know that G corresponds to a finite Galois
cover Y/ — X', which extend to a holomorphic map ¥ — X of compact Riemann surfaces
that is Galois as a branched cover, which restricts to Y’ — X’. This in turn corresponds to a
finite quotient of Gal(Kx/|M(X)). In this way, we get a bijection between the finite quotients of
m1 (X', z) and finite quotients of Gal(K x/|M (X)) which is compatible with the respective inverse
systems, and so it implies the desired isomorphism of profinite groups. O

Definition 3.32. Let X be a set. The free profinite group F(X) with basis X is defined

by the following universal property: for any map X 2 G with G profinite such that all
open normal subgroups U <G contain all but finitely many elements of A(X), there exists a
unique factorization

X — F(X)
3!

N
G
where ) is a map of profinite groups.

(. J
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To see that such a group exists, take the free group F(X) with basis X and define

F(X) = lim F(X)/U.
U<JF(X)
[F(X):U]<oo
U contains all but finitely many z€X

Theorem 3.33 (Douady). The group Gal(C(t)|C(¢)) is isomorphic to the free profinite
group with basis C.

Idea of the Proof. Let S C C be a finite subset of cardinality r, and set
Xs=Pg\ (SU{cc})=C\S.

Then, we have seen that -
Gal(Kx.|C(t)) & F,,

whose topological generators are given by loops «; around the points of S.
If S ¢ T C C are both finite, then Kx, C Kx, induces a map

Ast: Gal(Kx, |C(t)) — Gal(Kx,|C(t))

which sends all loops around a point not in S to the identity. By Theorem 3.24, we know that
Kx, are cofinal among all finite subextensions of C(t)|C(t), so we have

Gal(C[D)|C(1)) = lim Cal (K x| C(1)).
S

The proof is then reduced to the following group-theoretic proposition: O

( 1\

Proposition 3.34. Let X be a set and consider
S = {finite subsets S C X'}

partially ordered by inclusion. If (Gg, Asr) is an inverse system of profinite groups indexed
by S such that

1. As7: Gr — Gg is surjective
2. every Gg has a system {g,: = € S} of elements such that the induced map
F(S) = Gg
(x€S) gy
is an isomorphism and Asr(g;) = 1if x ¢ S.

Then,

~

lim Gs = F(X).
S




For this, we need a few lemmas.

Lemma 3.35. The proposition holds in the case when Gg = ﬁ(S) for all S and Mgy is

given by
a8 rEeS
A =<7
st () {1, x ¢S

Proof. We check the uEiversal property defining F (X). First observe that there is a natural
injection 7: X — @F(S) sending x € X to (Axg)geg, where g = z for x € S and zg = 1
otherwise. It genirates a dense subgroup in @F(S), so given a map A : X — G with G finite,
an extension lim F(S) — G must be unique if exists. But since G is finite, we must have A(z) = 1

for all but finitely many = € X, so A factors through the image of #(X) in some quotient ﬁ(S),
which is none but S. The existence then follows from the freeness of F'(.S). O

Lemma 3.36. If | X| =r < oo, then in ﬁ(X) every system of r topological generators is a
basis.

Proof. By assumption the map ip : ﬁ(S) — ﬁ(X) is surjective, so it is enough to show injectivity.
For each n > 0 consider the sets @, (S) (resp. @n(X)) of open normal subgroups of index n
in ﬁ(S) (resp. F(X)). As ﬁ(S) and ﬁ(X) are both profinite free of rank r, these sets have
the same finite cardinality (bounded by (n!)"). By surjectivity of ir the map Q,(X) — Qn(S)
sending U C ﬁ(X) to iz'(U) is injective, hence bijective. Tt follows that ker(ix) is contained in
all subgroups in Q,(S), for all n > 0. As F(S) is profinite, this means ker(ix) = {1}.

O

Lemma 3.37. The inverse limit of an inverse system of nonempty compact topological
spaces is nonempty.

Proof. Let Xq,pap be such an inverse system. Consider the closed subset Xy, C [] o Xa con-
sisting of sequences (zo) with ¢y, (z,) = 2 for A < p fixed, then

lim X, = (1) X

As the intersection of finitely many X,,’s is nonempty (because X, is indexed by a directed
set), we conclude by compactness. O

Proof of Proposition 3.34. Let S € S and set r :=|S|. If we set

BS = {(917"'797') € Gg}
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where the topological generators g; are as in property (2) of the proposition. One sees that
Bg C G% is closed and nonempty. Since G is a product of compact spaces, Bg is also compact,
and thus by Lemma 3.37 we get

im Bg # 0.
s
By construction and Lemma 3.36, an element in the above inverse limit induces an isomorphism
of the inverse system of Lemma 3.35 with (Gg, Asr), and we conclude by that lemma. O
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