Controllability

Definition
(A, B) € R™" x R™ ™ is controllabile iff K(A, B) = R", where
K(A, B) := span(B, AB, A’B, ...).

(RN\(.L&SJ\ ?wﬂnug‘ a A B ?W&\,Z A“’%'@kl’\'d A+ -'-O?u-cf\‘”l)g
Lemma 2°ve ol l+g, At R AT -AT ?.,I cayatre . Lo /—\

There exists a nonsingular M € R"*" such that

A |A B
—1 _|A11 |Ar2 -1p_ | b1
M—AM = [ 0 Ay M—B = l—o%

(With A1l € Rnlxnl, A € Rn2><n2, B € Rnlxm, and np 75 0) if
and only if (A, B) is not controllable.



M~ AN-

AR
: [M | MQ]
,f’(} wves 5 ) T
O

B M[ A } -1 Mw B} 1A

n.l WY

[_q cloame X AR stonn ™ \
o&@%(ge‘ﬁ’ )a\\t\‘:\ %ﬂp-'



(M‘*‘ k(ﬁ'%\:SfM(B,F\@’ ) v A-mvariaube
s 7T b b & BAGL el ot A«rﬁ,;)
Sta, M e wobie e e cl»«m S s Lase o k(AB')
e L uwf&ﬁ o omi wmeMer IWQ,,LU M= [M 'M')

Allpes,
) M”‘B=[E‘} ook ko 5 % e
comb . Lin. ok 300[!; & M,
(s Mo o8, ol wef5))
QM P\M [Z ﬁ‘:.l} A‘f’u‘ AM‘:M'An{'Mz’O' ?a\mi\‘

Al ) - w4 3.



Cs.so g\% ~‘:\apu¥ (‘M“\:
k(Ab) = ke dyi spov & bﬂnv

M‘ v G Sqn:&o W de\ i ods & Al
qude 6 be bredtown (e & Koyl).
‘L((\t}(?‘.; ?‘,c@QD 50“051?9389 Afmvo.\-iw&‘e o@a cmk%c E)



Proof

= Partition M = {I\/Il M2:| conformably. Then,

Af1B1

kg _
AB—M[ 0

] = My A%, B1, so K(A, B) C Im M.

< Let the columns of M; be a basis of K(A, B), and complete it
to a nonsingular M = [I\/Il /\/12}. Then, M~1AM is block
triangular (because Mj is A-invariant), and M~1B has zeros in the
second block row (because the columns of B lie in Im M;).

(Linear algebra characterization: K(A, B) is the smallest
A-invariant subspace that contains B. It's the space @, that we
obtain after we encounter breakdown in Arnoldi.)



Kalman decomposition

Kalman decomposition

For every matrix pair (A, B) € R™" x R™ ™ there is a change of
basis M such that
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with (A11, B1) controllable.

Proof: as above: take M; such that its columns are a basis of the
‘controllable space’ K(A, B), then complete it to a basis of R".
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Stabilizability

Definition
(A, B) is stabilizable if in its Kalman decomposition Ay, is stable
(i.e., /\(A22) - LHP)

Note that this definition is well-posed even if M is non-unique: the
eigenvalues of Ajp are the eigenvalues of A|k(a g), and those of
Ago are the remaining eigenvalues of A (counting with their
algebraic multiplicity).
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Controllability Lyapunov equation

Theorem

If Ais a stable matrix andl(A7 B) is controllable| then the solution
ofIA + XA* + BB* = Q|is positive definite:

Proof We know already that X :[iglaip(ﬂ)BB* exp(A*t)dt = 0. [

Let v # 0 be any vector. We need to show that v*Xv # 0. o
If v*exp(tA)B # 0 for some t, then we are done (it is nonzero in a
neighbourhood by continuity. .. ).

If v*exp(tA)B = 0 for all t, then v*B = 0 (taking t = 0),
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