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Definable sets

Definition. The set X is a definable subset of A if there exist

a formula ¢(xz,x1,...,xn) and elements ay,...,an € A s.t.
X={ac A|Al=dla,a1,...,an]}.

Lemma 1.
1. A€ Def(A) and Pw(A) C Def(A)r

2. A transitive implies Def(A) transitive.

Proof. 1. A= {a € A | a = a}, so the formula z = x defines A,
and x = a1V...Vz = a, defines the finite subset {a1,...,an} C A.
2. LetbeB={be A| A= ¢[b,al} € Def(A): if A is transitive,
then bC A, so b= {a € A|a € b}, with parameter b in A. O




T he constructible hierarchy L,
Lo=0, Lyt1=Def(La), Ly=U{La|a <A} for limit X.
By induction on o« one proves

Lemma 2. 1. Lo is transitive, and a <8 == Lq € Lg;

2. Pu(A) C Def(A) CP(A) = Va(La C Vy) and Yn(Lp = Vp),
3. |La| = |a| for a > w;

4. a ={a € Lo | La = a is an ordinal} € Def(La) = Loy1,

5. forx € L, 6(x) =min{a|xz € Ly} > p(x) is a successor;

6. xrcyel = d(x) <i(y). O

Lemma 3. (covering lemma) If x C L, then da(x C Lg).

Proof. Put a =sup{é(y) |y € z}: then x C L. O



ZF+ "L =ZF+V =1L" 3
Proof. L is a transitive class containing all ordinals, so

o, = Euxt, Fond, Inf,
ol = Pair: for a,b € Ly, {a,b} ={x € Lo | Lo = x = aV x = b};
o =Un: fora € Lo, Ua={x € Lo | Lo, = Ty € a(x € y)};

oL = Pow, Repl: if f is a function and a € Lq, some Lg includes
both P(a) N L and fla] N L, so they can be obtained by Sep.

o[, = Sep:. given a formula ¢ and a € Ly, pick 8 > « s.t.

Vj reflects the formulae z € Ly, z € L = 35(z € Lg), . Then
1. V:UEVBVW<B(:BELW<:>QL‘EL‘7/B)7

2. Vre Vg(x € L < 36 < B(x € Lg/ﬁ)),

3. Vo € V(¢ () & (1) 3(x) & ¢"V5(2)).

By 1-2, Vx e Vg(z € L& 36 < B(z € Ls)), but a € Lg = LN Vg,
and point 3 gives {zca|¢l(z)} ={z € Lg| " (zx) Az €a}=
={z € LB | L@ — ¢(x) Nz €Ea} € Def(LB) = L5_|_1.

o[, =V = L. Ly is absolute between transitive models of ZF,
being A¢Y, hence LY = Lo, and LY = L. 0




universal wellordering and choice 4
Define inductively a wellorder <, on L, by
T <q41 Yy if
o xc Loandye€ Lyyq\ La, O 2,y € Lo and x <q y, OF

e both z,y € L,41 \ La, and
— the first formula (in the ordering of V,) that defines = on

Lo precedes the first one that defines y, or

— the first formula is the same, and the first tuple of param-
eters (in the lexicographic ordering of L%) that defines «x
precedes the first one that defines y.

e a < 3 == L, initial segment of Lg, so <= U{a € Ord |<a}
is a definable wellordering of the class L.
e T he definition of < IS A%F, SO x <y, y = Ja(x <aqy) is Z%F,

but if V = L then x < y & Va(z <4 y), 100, hence < is
A%F—I—VzL



Relative consistency of AC and GCH

Lemma 4.V > w(LNH(K) = Lg).

Proof. z ¢ L is 4%, so if kK > w Levy's theorem gives
Ja(x € Lo) <= Ja € H(k)(x € La).
While for k = w one has H(w) = V,, = L. O

Lemma 5.V > w(LNP(k) C L, _+).
Proof. P(k) C H(xkT), hence LNP(k) CLNH(kT)=L _4. O

Theorem 1. V=L —> GCH, hence L = GCH.

Proof. If L is the whole universe, then all cardinals are pre-

served, and kK < 28 <|L 4| =kT. O



