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Generic extensions

Let M = ZFC be a transitive set (or class), and let P be a notion

of forcing in M, i.e. a poset P &€ M. The generic extension of

M by the generic set G is a transitive M[G] D M s.t.:
1. M[G] = ZFC;
2. 0 = G € M|G] is a M-generic filter on P, i.e.

e p<qgelG — qe€Cq,
e Vp,ge G Ire G (r <p,q), and
e (DeMNP(P)&Vpe Padde D(d<p)) = DNG # 0

3. OrdMIGl = OrdM, and
4. (N transitive, M C N =7ZF, Ge N) — MI[G] C N.




Forcing relations

The forcing language associated to P € M is
L={=,¢;C} with C D {G}U{ X| x € M},
where G and the X are constant symbols, whose intended mean-

ing are the generic set ¢ and the element x € M, resp.

The forcing relation p I o between forcing conditions p € P and
sentences o of the forcing language L is subject to appropriate
logical rules, so as to obtain the following

Theorem. (Forcing theorem) M|G] =0 <= dpeGplto.

In fact we shall have
(i) plbo «<— VG(pe G = M|G] =o0), and
(ii) Vp € P 3G C P M-generic s.t. p € G.




Forcing conditions

The poset P is in the ground model M, and the forcing relation

must be defined in M.

Condition (ii) is always fulfilled when M is countable.

Condition (i) is verified provided that any element of M[G] is the
interpretation of a constant ¢ € C, and the following conditions
are fulfilled (assuming Vv, —, 3 defined through —, A,V):

1. plFo & g<p = ql- o,

Vp dg <p. qlFoVqlF -0,

qlFr o = qlff —o,

qglFoNT < qlFo & qlF T,

o & W N

qlFVep(x) <= qlk p(c) for all ¢ € C.



Adding new reals
Example. In order to add new subsets of w to the ground model

M, the typical notion of forcing is
P={f:E—{0,1} | E€Pu(nxw)}, with p<qg< q Cp.
For G M-generic, put x =UG. Then M|[G] = x:nxw — {0, 1},

because the sets Don = {p € P | (a,n) € dom p} are dense.
Moreover, the sets zo = {n € w | p(a,n) = 1} C w are different
from one another and from any z € P(w)M, because all sets
Dog={p € P|3n p(a,n) # p(B,n)} are dense for a # 3, as are

all sets Doz ={p € P | 3In p(a,n) # xz(n)} for x € M.

CAVEAT: even if nis a cardinal in M, it might be collapsed
in M[G] to |P(w)M|MIG]



Special posets

Let x be a cardinal. The poset P is

1. k-closed if every weakly descending s-sequence in P is bounded

from below in P;

2. r-distributive if the intersection of x open dense subsets of
P is open dense in P,

3. k-saturated if every subset of P whose elements are pairwise

incompatible has size less than . The saturation sat(P) of

P is the least Kk s.t. P is k-saturated.

Remark 1. Any k-closed poset is k-distributive.

Remark 2. The saturation k = sat(P) of the poset P is regular.



