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Boolean Models

Let U be a transitive set (or class), and let B be a complete
Boolean algebra. A Boolean model of set theory with universe
U and values in B is a 4-tuple (U, B; I, E) where the evaluating

functions I, E : U2 — B assign values I(z,y) =|| z = y ||g€ B and
E(x,y) =|| z =1y ||ge B to the atomic formulae x = y and x € y,

resp., subject to the follwing conditions, for all z,y,z,v,w € U-
l. ||z == ||g= 1;

2. |lz=vylp=lly==|p;

3. le=yllp-ly==zlpsllz=zlp;
yllp < [[vewl]s

4 lzcyllp-llv=2lp-[w

(Usually the subscript B is omitted.)



Evaluating formulae

By induction on the generation of ¢, for (z) € U™ put:

o) [l = — || (Z) || B;

(@) ANY(@) |B = || ¢(@) |IB - | ¥(Z) || B:

o(@) V(@) [|IB = | ¢(@) |B + || ¥(Z) ||B:

() — V(@) ||p= —Il (@) [+ v (@) = | (=) =] ¥(=) |;
Jz¢(z,7) [[B = Zecvu |l ¢(z,) | B:

Ved(z,T) ([ = Izev || ¢(z,7) [ B

Remark that || ¢(z) = ¢(z) [ =1 < | ¢(=) |z < || ¥(@) ||B-
Call a formula ¢(z) valid for x € U if || (%) ||[p= 1. then the

axioms of equality and all axioms of first order logic are valid.

Hence provably equivalent formulae receive equal values.



Quotienting the algebra 3

Let W be a complete algebra homomorphism of B onto B/, and
let F be the dual filter of the kernel of W (an ideal of B).

Define the equivalence =ronU by z=ry < ||z =y || € F.

Let © be the projection of U onto the quotient U/ = U/F, and
define I''E" by 'omr=Wol and Elomr=Wo E.
Then (U',B";I',E") is a boolean model, called the quotient

model of U modulo F.
When B’ is the trivial two-element algebra {0,1} = Z, one

obtains a boolean quotient model corresponding to an ordinary

(possibly nonstandard) model (M, R) satisfying
M = ¢lr(w)] <—= V(|| ¢(u) |Ip) =1.




Full models

More generally, call full a boolean model U if for all formula

o(x,7y), with x free, and all (v) € U™, there exists u € U s.t.

| Jzg(z,0) [[B = > || ¢(z,0) [[B = || #(u,?) |5 -

xeclU
Given an ultrafilter F on B, and a full Boolean model U, the

ordinary quotient model U/F = (M, R) satisfies the following

Lemma.
Let ay,...,an € M be the =p-classes of u1,...,un € U. Then

M:¢[a17°°°7an] <~ || Qb(U]_,...,un) ||BEF

NB: When the algebra B is finite, all Boolean Models are full,

and all ultrafilters are principal.



The Boolean model V5

Let B be a complete Boolean algebra, and define inductively

Vo=0, V23i={f:X—->B|XCVP}, vP= U VP (limit \).
a<<A
Let VB be the class union of all VB, and define the Boolean

rank of z € VB by pB(z) = min {a |z € VB

Inductively on the lexicografically ordered pairs (pP(2), pP(v))
define (recalling the boolean operation a=b = —a + b):

L |z €y lB= Siedom y¥(®) ||z =15

2. [z Cyllp= Iiedom () = [t €y |lB);

3. [ze=vyls=llzCylls-lly Sz

Theorem. VP is a full Boolean model s.t.
|Vi(texz—tecy) | <|lzCylB
i.e. the axiom of extensionality has Boolean value 1.



Restricted quantification

Remark. T he following shortenings are usefull

o |[(Fzey)o@) | = Ziedom, ¥(D)- |l ¢(2) || in fact
Bz (z € y A ¢(x)||= Za(llé(@) Ziedom 4 (D) [z =1t ) =
=Ytedom y ¥ (1) -Xz(llo(@)|llz = tl]) < Zycqgom 4 ¥(8) - [ 2D
< Xt It eyl - llo(I=I[3t(t € y A ().

o || (Vo ey)o(x) || = Hiedom , ¥(®) = | ¢(x) || in fact
Vz(z €y — ¢(2))l|= M ((Ziedom 4, ¥ (B [z = D= [[¢(@)|) =
<Iyedom ((Ztcdom 4 ¥B [lu =t[)= [lp(w)|) <
<II,edom (W)= [lo(w)I) <Tl,cqom ,(l v €y I = Il #(w) |1).



T he canonical embedding

Definition . The canonical name & € VP of the set x € V is

defined by €-induction:
domz={y|y€x} and checkx(y) =1 for all y € dom Z.

Theorem. Let ¢ be a Ag-formula and w = (uq,...,Un). Then

V= élut,...,un] <= o(uy,...,un) = 1.

Hence, if ¢ is X1, then V = ¢luqy,...,Un] = &(uq,...,un) = 1.

In particular

|z €Ord||= ) |[z=al| and |[zelLll|= ) [[z=al
acOrd acL



T he main theorem 8

Theorem. All axioms of ZFC have value 1 in V5.

Definition. The canonical name G € V& for a generic ultrafilter
on B is defined by:
domG=1{b|be B} and G(b) =b for all b€ domG.

Then
1. || G ultrafilter on P(B) ||= 1,

2. Ngepp(I XCSPB) = TX€G]) =1.

CAVEAT: G is not, in general, a complete ultrafilter in V&
because P(B) might be properly contained in P(B). Similarly
the algebra B is P(B)-complete, but possibly not complete.



